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^ ' Abstract. We study the K-theory of actions of diagonalizable group schemes 

>^ 1 , on noetherian regular separated algebraic spaces: our main result shows how 

^^^ 1 to reconstruct the K-theory ring of such an action from the K-theory rings of 

the loci where the stabilizers have constant dimension. We apply this to the 
calculation of the equivariant K-theory of toric varieties, and give conditions 
under which the Merkurjev spectral sequence degenerates, so that the equi- 
T ^ ■ variant K-theory ring determines the ordinary K-theory ring. We also prove a 

^^ ' very refined localization theorem for actions of this type. 
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Introduction 

Fix a basis noetherian separated connected scheme 5*, and let G be a diagonal- 
izable group scheme of finite type over S (see JSGA3I Expose VII]); recall that this 
means that G is the product of finitely many multiplicative groups Gm,s £ind group 
schemes /.i„ 5 of n*'' roots of 1 for various values of n. Suppose that G acts on a 
separated noetherian regular algebraic space X over S. 

If G acts on X with finite stabilizers, then jVe-Vi| gives a decomposition theorem 
for the equivariant higher K-theory ring K,(A, G); it says that, after inverting some 
primes, K,(A, G) is a product of certain factor rings K»(A'^, G)a- for each subgroup 
schemes a ^ G with a ~ /x„ for some n and A"' ^ (the primes to be inverted are 
precisely the ones dividing the orders of the a) . A slightly weaker version of this 
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2 GABRIELE VEZZOSI AND ANGELO VISTOLI 

theorem was given in |Toen| . From this one can prove analogous formulas assuming 
that the stabilizers are of constant dimension f Theorem 17. 4|l . 

This paper deals with the general case, when the dimensions of the stabilizers 
are allowed to jump. In this case one sees already in the simplest examples that 
K^,{X,G) will not decompose as a product, not even after tensoring with Q; for 
example, if S* is a field, G is a torus and X is a representation of G, then Ko(X, G) 
is the ring of representations KG, which is a ring of Laurent polynomials over Z. 

However, we show that the ring K,(X, G) has a canonical structure of fibered 
product. More precisely, for each integer s we consider the locus Xs oi X where the 
stabilizers have dimension precisely equal to s; this is a locally closed regular sub- 
space of X. For each s consider the normal bundle N^ oi Xs in X, and the subspace 
Ns^s_i where the stabilizers have dimension precisely s — 1. There is a puUback 
map K,(Xs,G) — > K*(Ns^s_i, G); furthermore in Section|21we define a specializa- 
tion homomorphism Sp^^ : K,(Xs_i, G) — > K,(Ns .j_i, G), via deformation to the 
normal bundle. Our first main result (Theorem I4.5|l show that these specializa- 
tions homomorphisms are precisely what is needed to reconstruct the equivariant 
K-theory of X from the equivariant K-theory of the strata. 

Theorem 1 (The theorem of reconstruction from the strata). Let n be the dimen- 
sion ofG. The restriction homomorphisms 

K,(X,G)-^K,(X„G) 

induce an isomorphism 



K,{X,G)^K,{X,„G) X K,{Xn-i,G) 



X 



K.(N„,„_i,G) K,(N„_i,„_2,G) 

X K,(Xi,G) X K,(Xo,G). 

K.(N2,i,G) K.(Ni.o,G) 

In other words: the restrictions K»(X, G) —>■ K»(Xs,G) induce an injective homo- 
morphism K»(X, G) — > J^^ K»(Xs, G), and an element (a„, . . . , ao) of the product 
Y[s^*{Xs,G) is in the image of K*(X, G) if and only if the pullback of as £ 
K,(Xs,G) to K*(Ns.s_i,G) coincides with Sp^^ (a^-i) G K,(Ns.s__i, G) for all 
s — \, . . . , n. 

This theorem is a powerful tool in studying the K-theory of diagonalizable group 
actions. From it one gets easily a description of the higher equivariant K-theory of 
regular toric varieties (Theorem I6.2|l . This is analogous to the description of their 
equivariant Chow ring in [Bri97, Theorem 5.4]. 

One can put Theorem^ above together with the main result of |Ve-Vi| to give a 
very refined description of K*(X, G); this is Theorem 17. 121 which can be considered 
the ultimate localization theorem for actions of diagonalizable groups. However, 
notice that it does not supersede Theorem^ because Theorem^holds with integral 
coefficients, while for the formula of Theorem 17 . 1 21 to be correct we have to invert 
some primes. 

Many results are known for equivariant intersection theory, or for equivariant 
cohomology; often one can use our theorem to prove their K-theoretic analogues. 
For example, consider the following theorem of Brion, inspired in turn by re- 
sults in equivariant cohomology due to Atiyah f |Ati74| ). Bredon f |Bre74| l Hsiang 
l' |Hsi75j V Chang and Skjelbred r |(:h-Sk74p . Kirwan (' |Kir84| 1. Gores ky, Kot twitz 
and MacPherson ( |C-K-MP98j ): see also the very useful discussion in [Bri98j . 
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Theorem f |Bri97l 3.2, 3.3]). Suppose that X is a smooth projective algebraic va- 
riety over an algebraically closed field with an action of an algebraic torus G. 

(i) The rational equivariant Chow ring Aq{X)qi is free as a module over AQ{pt)Q. 
(ii) The restriction homomorphism 

is injective, and its image is the intersection of all the images of the restriction 
homomorphisms Aq(X-'")q -^ Aq{X'-^)q, where T ranges over all the subtori 
of codimension 1. 

From this one gets a very siraple description of the rational equivariant Chow 
ring when the fixed point locus X'^ is zero dimensional, and the fixed point set 
X"^ is at most 1-dimensional for any subtorus T C G of codimension f ( Bri9t| 
Theorem 3.4]). 

In this paper we prove a version of Brion's theorem for algebraic K-theory Re- 
markably, it holds with integral coefficients: we do not need to tensor with Q. This 
confirms the authors' impression that when it comes to torsion, K-theory tends to 
be better behaved than cohomology, or intersection theory. 

The following is a particular case of CoroUarv lfi.llI when G is a torus, it is an 
an analogue of part ^ of Brion's theorem. 

Theorem 2. Suppose that G is a diagonalizable group acting a smooth proper 
scheme X over a perfect field; denote by Gq the toral component of G, that is, the 
largest subtorus contained in G. 

Then the restriction homomorphism K,(X, G) — ^ K,(X'^",G) is injective, and 
its image equals the intersection of all the images of the restriction homomorphisms 
K,(X^, G) —> K,(X'^°, G) for all the subtori T <Z G of codimension 1. 

From this one gets a very complete description of K, {X, G) when G is a torus 
and X is smooth and proper over an algebraically closed field, in the "generic" 
situation when X contains only finitely many invariant points and finitely many 
invariant curves ('Corollarv l5.12|l . 

We also analyze the case of smooth toric varieties in detail in Section 
The analogue of Theorem [21 should hold for the integral equivariant topological 
K-theory of a compact differentable manifold with the action of a compact torus. 
Some related topological results are contained in |Ro-Kn| . 

Description of contents. Section^contains the setup that will be used through- 
out this paper. The K-theory that we use is the one described in j Ve- Vi| : see the 
discussion in Subsection ll.il 

Section |5] contains some preliminary technical results; the most substantial of 
these is a very general self-intersection formula, proved following closely the proof 
of Thomason of the analogous formula in the non-equivariant case ( |Tho93l Theo- 
reme 3.1]). Here we also discuss the stratification by dimensions of stabilizers, 
which is our basic object of study. 

In Section |21 we define various types of specializations to the normal bundle in 
equivariant K-theory. This is easy for Kq, but for the whole higher K-theory ring 
we do not know how to give a definition in general without using the language of 
spectra. 

Section 21 contains the proof of Theorem ^ 
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Section El is dedicated to the analysis of the case when X is complete, or, more 
generally, admits enough limits (Definition 15.8(1 . The condition that K, (X, G) be 
free as a module over the representation ring RG is not adequate when working with 
integral coefficients: here we analyze a rather subtle condition on the RG-module 
K,(X, G) that ensures that the analogue of Brion's theorem above holds, then we 
show, using a Bialynicki-Birula stratification, that this condition is in fact satisfied 
when X admits enough limits over a perfect field. 

We also apply our machinery to show that the degeneracy of the Merkurjev 
spectral sequence in |Mer97| . that he proves when X is smooth and projective, in 
fact happens for torus actions with enough limits. 

SectionElis dedicated to the K-theory of smooth toric varieties. For any smooth 
toric variety X for a torus T, we give two descriptions of K,(X, T). First of all, 
we show how Theorem 14.51 in this case gives a simple description of it as a subring 
of a product of representation rings, analogous to the description of its equivari- 
ant Chow ring in |Bri97[ Theorem 5.4]. Furthermore, we give a presentation of 
K* (X, T) by generators and relations over the K-theory ring of the base field (The- 
orem l6.4ll , analogous to the classical Stanley-Reisner presentation for its equivariant 
cohomology first obtained in |B-DC-P9(1j . For Kq the result is essentially stated in 

mm . 

In Section [7| we generalize the result of |Ve-Vi| by giving a formula that holds 
for all actions of diagonalizable groups on regular noetherian algebraic spaces, irre- 
spective of the dimensions of the stabilizers (Theorem 17. 12|l . 
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1. Notations and conventions 

Throughout the paper we fix a base scheme S, that is assumed to be connected, 
separated and noetherian. 

We will denote by G a diagonalizable group scheme of finite type over S (see 

|SGA8j ). except when otherwise mentioned. Its groups of characters is G = 
Homs(G, Gin.s); the contravariant functor from the category of diagonalizable 
groups schemes of finite type over S to the category of finitely generated abelian 
groups given by G i-^ G is an antiequivalence of categories. The ring of representa- 
tions of G is, by definition, RG — ZG, and furthermore G = SpecRG XspccZ S. 

We will denote by Gq the toral part of G, that is, the largest subtorus of G. The 
group of characters Go is the quotient of G by its torsion subgroup. 

A G-space will always be a regular separated noetherian algebraic space over S 
over which G acts; sometimes we will talk about a regular G-space, for emphasis. 

We notice explicitly that if S" ^ S* is a morphism of schemes, with S" connected, 
then every diagonalizable subgroup scheme of G x 5 S" is obtained by base change 
from a unique diagonalizable subgroup scheme of G. This will be used as follows: 
if p : Spec 57 — > X is a geometric point, then we will refer to its stabilizer, which is 
a priori a subgroup scheme of G Xg Spec Q, as a subgroup scheme of G. 

If y ^-> X is a regular embedding, we denote by NyX the normal bundle. 

1.1. Equivariant K-theory. In this subsection G will be a group scheme over 
5' that is flat, affine and of finite type. We use the same K-theoretic setup as in 
|Ve-Vij . that uses the language of ITh-TrQO] . The following is a slight extension of 
|Ve-Vil Theorem 6.4]. 

Proposition 1.1. Let G be flat affine separated group scheme of finite type over S , 
acting over a noetherian regular separated scheme X over S . Consider the following 
complicial bi-Waldhausen categories: 

(i) the category Wi(X, G) of complexes of quasicoherent G-equivariant Ox-mod- 
ules with hounded coherent cohomology; 

(ii) the category W2(Ar, G) of bounded complexes of coherent G-equivariant Ox- 
modules; 

(iii) the category W3(Ar, G) of complexes of flat quasicoherent G-equivariant Ox- 
modules with hounded coherent cohomology, and 

(iv) the category Y>Ii{X,G) of hounded above complexes of G-equivariant quasi- 
coherent flat Ox -Modules with hounded coherent cohomology. 

Then the inclusions 

W2(X,G) C Wi(X,G) and W4(X, G) C W3(X, G) C Wi(X, G) 

induce isomorphisms on the corresponding Waldhausen K-theories. Furthermore 
the K-theory of any of the categories above coincides with the Quillen K-theory 
K^(X, G) of the category of G-equivariant coherent Ox-modules. 

Proof. For the first three categories, and the Quillen K-theory, the statement is 
precisely jVe-Vil Theorem 6.4]. 

Let us check that the inclusion W4(X, G) C Wi(X, G) induces an isomorphism 
in K-theory. By [Ve-Vil Proposition 6.2], which shows that hypothesis 1.9.5.1 is 
satisfied, we can apply |Th-Tr90 Lemma 1.9.5], in the situation where A is the 
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category of G-equivariant quasicoherent Ox-Modules, C the category of cohomo- 
logically bounded complexes in A, T) the category of G-equivariant quasicoherent 
flat Ox-Modules, F : V ^^ A \s the natural inclusion. In particular, any com- 
plex in Wi(X, G) receives a quasi-isomorphism from a complex in W4(X, G). That 
is, |Th-Tr901 1.9.7.1], applied to the inc lusion Wi {X,G) ^ Wi(X,G), is satis- 
fied; since the other hypothesis 1.9.7.0 of |Th-Tr90l 1.9.7] is obviously satisfied, we 
conclude by |Th-Tr90 l Theorem 1.9.8]. 4 

We will denote by K{X, G) the Waldhausen K-theory spectrum and by K* (X, G) 
the Waldhausen K-theory group of any of the categories above. As observed in 
|Ve-Vil p. 39], it follows from results of Thomason that K*(— ,G) is a covariant 
functor for proper maps of noetherian regular separated G-algebraic spaces over 
5; furthermore, each K*(X, G) has a natural structure of a graded ring, and each 
equivariant morphism f : X ^ Y oi noetherian regular separated G-algebraic spaces 
over S induces a puUback /* : K*(F, G) — > K,(X, G), making K*(— ,G) into a 
contravariant functor from the category of noetherian regular separated G-algebraic 
spaces over S to graded-commutative rings. Furthermore, if «: 1" ^^ X is a closed 
embedding of noetherian regular separated G-algebraic spaces and j: X\Y '-^ X 
is the open embedding, then M.{X \ Y, G) is the cone of the pushforward map 
z*: IK(y, G) -^ K{X,G) (; |Tho87l Theorem 2.7]), so there is an exact localization 
sequence 

> K„(r, G) ^ K„(X, G) ^ K„(X \Y,G)^ K„_i(r, G) ^ • • • 

Furthermore, if tt : _E ^ X is a G-equivariant vector bundle, the puUback 
n*: K,(X,G) -^K4E,G) 
is an isomorphism f |Tho871 Theorem 4.1]). 

2. Preliminary results 

2.1. The self-intersection formula. Here we generalize Thomason's self- inter- 
section formula f |Tho93i Theoreme 3.1]) to the equivariant case. 

Theorem 2.1 (The self- intersection formula). Suppose that a flat group scheme G 
separated and of finite type over S acts over a noetherian regular separated algebraic 
space X. Let i: Z ^^ X be a regular G-invariant closed subspace of X . Then 

i*i^: K{Z,G) — >K{Z,G), 

coincides up to homotopy with the cup product 

A_i(N^X) ^ (-) : K{Z, G) — > K(Z, G), 

where N^X is the conormal sheaf of Z in X . 
In particular, we have the equality 

i*i, = A_i(N^X) ^ (-) : K,(Z, G) -^ K,(Z, G). 

Proof. The proof follows closely Thomason's proof of | Tho93l Theoreme 3.1], there- 
fore we will only indicate the changes we need for that proof to adapt to our situ- 
ation. 

Let us denote by W'(Z, G) the Waldhausen category consisting of pairs {E',X : 
L" -^ i^E*) where E* is a bounded above complex of G-equivariant quasi-coherent 
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flat O^-Modules with bounded coherent cohomology, L" is a bicomplex of G- 
equivariant quasi-coherent flat Ojf -Modules with bounded coherent total cohomol- 
ogy such that U^ — for j < 0, any i and also L*^ = for i > iV, for some 
integer N, any i; finally A : L" — > i^E* is an exact augmentation of the bicom- 
plex L" . In particular, for any i, the horizontal complex L"^' is a flat resolution 
of i^E^. The morphisms, cofibrations and weak equivalences in W {Z,G) are as 
in |Tho93l 3.3, p. 209]. Thomason jTho93l 3.3] shows that the forgetful functor 
(E*, A : L" -> uE') ^ E' from W'(Z,G) to the category Wi{Z, G) of bounded 
above complexes of G-equivariant quasi-coherent flat C^-Modules with bounded 
coherent cohomology induces a homotopy equivalence between the associated Wald- 
hausen iiT-theory spectra. In other words, by ProDOsition ll.il we can (and will) use 
W'(Z,G) as a "model" for IK(Z,G). 

With these choices, the morphism of spectra i*i* : ]K(Z, G) — > K(Z, G) can 
be represented by the exact functor W'(Z, G) — > Wi(Z, G) which sends {E*,X : 
L" — > i^:E*) to the total complex of the bicomplex i*{L"). 

The rest of the proof is exactly the same as in |Tho93l 3.3, pp. 210-212]. One 
flrst consider functors Tk : W'(Z, G) -^ Wi(Z, G) sending an object (£", A : L" -^ 
i^E') to the total complex of the bicomplex 



> iiadl 



-k-l 



-^i*L 



.-k 



-^i*U' 



-> i*U'^ > 



> im5;+^'"''"^ > i*L''+^'-'' > > i*L^+i--i > i*L'+^'" > 



which results from truncating all the horizontal complexes of i*L" at the fc-th level. 

The functors Tf^ are zero for fc < and come naturally equipped with functo- 
rial epimorphisms Tf^ -^ T^-i whose kernel hk has the property that hk{E*,X : 
L" -^ i^E') is quasi isomorphic to A'=(N;^X) ®Oz i*E*[k] ( |Tho93l 3.4.4], essen- 
tially because each horizontal complex in U' is a flat resolution of i^i^J*. Therefore, 
by induction on fc > —1, starting from T_i = 0, each T^ has values in Wi(2', G) 
and preserves quasi-isomorphisms. Moreover, the arguments in .Tho9^ 3.4, pp. 
211-212], show that Tk actually preserves cofibrations and pushouts along cofibra- 
tions; hence each Tk : W'(Z, G) — > Wi(Z, G) is an exact functor of Waldhausen 
categories. 

As in |Tho931 3.4, p. 212], the quasi-isomorphism 

hk{E\\ : L" -^ uE') ~ A'=^(N^X) ®Oz i*E'[k] 

shows that the canonical truncation morphism i*{L") —* Td{E' , X : L'* — > i^:E*), 
d being the codimension of Z in X, is a quasi-isomorphism, i.e. the morphism of 
spectra i*i* : IK (Z, G) — > K{Z,G) can also be represented by the exact functor 
Td : W'{Z,G) — > Wi(Z,G). Now, the Additivity Theorem ( |Th-Tr90l 1.7.3 and 
1.7.4]) shows that the canonical exact sequences of functors /ife ^-> Tfe ^> Tk-i yield 
up-to-homotopy equalities Tk — Tk-i 4- hk between the induced map of spectra. 
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And finally, recalling that a shift [k] induces multiplication by (— 1)'^ at the level of 
spectra, by induction on fc > — 1 we get equalities up to honiotopy 

k 
k 

= A_i(N^X)^(-) 

of morphisms of spectra K(Z, G) -^ K(Z, G) C IThoQSl p. 212]). 4 

2.2. Stratification by dimensions of stabilizers. Let G be a diagonalizable 
group scheme of finite type acting on X as usual. Consider the group scheme 
H ^ X oi stabilizers of the action. Since for a point x £ X the dimension of 
the fiber H^ equals its dimension at the point ^(x), where 7: X — > i? is the unit 
section, it follows from Chevalley's theorem f lEGAlVI 13.1.3]) that there is an open 
subset X<s where the fibers of H have dimension at most s. We will use also A<s 
with a similar meaning. We denote by Xs the locally closed subset X<s \ X^s', we 
will think of it as a subspace of X with the reduced scheme structure. Finally, we 
call Ng the normal bundle of Xs in A, and N° the complement of the 0-section in 
Ng. Notice that G acts on Ng, so we may consider the subscheme (Ns)<s C N^. 

Proposition 2.2. Let s he a nonzero integer. 
(i) There exists a finite number of s- dimensional subtori Ti, . . . , Tr in G such 

that Xs is the disjoint union of the X^'^ . 
(ii) Xs is a regular locally closed subspace of X . 

(iii) NO = (N,)<,. 

Proof. To prove partQ we may restrict the action of G to its toral component. 
By Thomason's generic slice theorem (|iTho86a. Proposition 4.10]) there are only 
finitely many possible diagonalizable subgroup schemes of G that appear as stabiliz- 
ers of a geometric point of X. Then we can take the Tj to be the toral components 
of the s-dimensional stabilizers. 

Parts (mj and (EuJ follow from Q and |Tho92l Proposition 3.1]. 4 

3. Specializations 

In this section G will be a flat, affine and separated group scheme of finite type 
over S, acting on a noetherian regular separated algebraic space Y over S. 

Definition 3.1. A G-invariant morphism Y —> Pg is regular at infinity if the inverse 
image 1^00 of the section at infinity in P;^ is a regular effective Cartier divisor on Y. 

Theorem 3.2. Let tt: Y ^ ¥\. be a G-invariant morphism over S that is reg- 
ular at infinity. Denote by i^o '■ Y^o '-^ Y the inclusion of the fiber at infinity, 
joo : Y \ Yaa '^-> Y the inclusion of the complement. Then there exists a specializa- 
tion homomorphism of graded groups 

Sp^: K,{Y\Y^,G)^Y.,{Y^,G) 

such that the composition 

K,(y,G) ^ K^y \ Y^) ^ K,{Y^,G) 
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coincides with i*^ : K*(y, G) -^ K»(yoo, G). 

Furthermore, if Y' is another noetherian separated regular algebraic space over 
S and f : Y' —> Y is a G-equivariant morphism over S such that the composition 
tt/ : Y' ^ ¥g is regular at infinity, then the diagram 



K4Y\Y^,G) 
f 



Spy 



Sp^ 






K4Y' \Y^,G) ^^ K4Y^,G) 

commutes; here foo is the restriction of f to Y^ — > Y^o ■ 

We refer to this last property as the compatibility of specializations. 

Proof. Let us denote by K{X, G) the QuiUen K-theory spectrum associated with 
the category of coherent equivariant G-sheaves on a noetherian separated algebraic 
space X. There is a homotopy equivalence 

Cone{K{Yoo,G) ^^^ K{Y, G)) ^ K{Y \Y^,G). 
The commutative diagram 

K{Y^,G)^^^^^K{Y,G) 



KiY^,G))^^-^KiY^,G) 
induces a morphism of spectra 

K(r \ Foo, G) ~ Cone(K(ro„ G) ^^ K{Y, G)) 

-^ Cone(K(yoo, G) ''^' K{Y^, G)) . 
By the self-intersection formula f Theorem 12. 1|) there is a homotopy 
i*^ioo*^X-i{K J -{-)■■ K{Yoo,G)^K{Yoo,Gy, 

-- (— ) is homotopic to zero, because Ny is trivial. 



(3.1) 



on the other hand A_i(Afy 
So we have that 

Cone(K(i;o,G)- 



^ iK(yoo, G)) ^ ]K(roo, G)[i] © K(roo, G), 

where (— )[1] is the suspension of (— ). We define the specialization morphism of 
spectra 

Sy : K{Y \ Yoo,G) -^ KiY^,G) 
by composing the morphism 13.1|l with the canonical projection 

K(yoo , G) [1] © K{Y^ , G) -^ KiYoo , G) . 

Finally, Spy is defined to be the homomorphism induced by Sy on homotopy 
groups. 
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Let US check compatibility; it suffices to show that the diagram of spectra 

K(r4,G)^^^K(r',G) 
fL r 

K{Y^,G) ^^^^^ K{Y,G) 

commutes up to homotopy. The essential point is that the diagram of algebraic 
spaces 



y; 



^Y' 



Yo, 



-^Y 



is Tor-independent, that is, Torf^(Oy', Oy^) = for aU i > 0. Write W{Y',G) 
and W{Y^, G) for the Waldhausen categories of G-equivariant complexes of quasi- 
coherent Oyz-modules and Oy -modules with bounded coherent cohomology, while 
W(y, G) and W(Foo,G) will denote the Waldhausen categories of complexes of 
G-equivariant quasicoherent Oy-modules and Oy^ bounded coherent cohomol- 
ogy, that are respectively degreewise /*-acyclic and degreewise /^-acyclic. By 
the Tor-independence of the diagram above, we have that ioo* gives a functor 
W(roo, G) -> W(r, G), and the diagram 

-^ w(y, G) 

/* 

^ w(r',G) 



w(yoo,G). 

f* 

J oo 

w(r4,G). 

commutes. By (Th-Tr90l 1.5.4] this concludes the proof of the theorem. 



Remark 3.3. For the projection prj : X Xs^g 
phism 

SpxxsP^: K,(XxsA^,G) 
coincides with the puUback Sq : K, (X x 5 * ^ 
So: X -^ X xsh-];- 

In fact, the puUback j^ : K*(X X5 P; 
have 

SPxxsPi °.?'i= ^4°foo =C: K^X xgP^) 



^ the specialization homomor- 



-^ K^X xs 



K,(X,G) 

K, {X, G) via the zero-section 



^5) is surjective, and we 

-^K*(X,G). 



Remark 3.4. Since the restriction homomorphism Ko(F; G) -^ Ko(F \ Foe, G) is 
a surjective ring homomorphism, and its composition with Spy : Ko(y \ l"oo, G) — > 
Ko(V'oo,G) is a ring homomorphism, it follows that the specialization in degree 
Spy : Ko (y \ Yoo , G) ^ Ko (Foo , G) is also a ring homomorphism. This should be 
true for the whole specialization homomorphism Spy : K, {Y\^oo , G) ^ K, {Yoa , G) , 
but this is not obvious from the construction, and we do not know how to prove it. 

Remark 3.5. From the proof of Theorem 13.21 we see that one can define a spe- 
cialization homomorphism K,(y \ Z,G) -^ K,(Z, G) if Z is a regular effective 
G-invariant divisor on Y whose normal sheaf is G-equivariantly trivial. 
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3.1. Specializations to the normal bundle. Let us go back to our standard 
situation, in which G is a diagonaHzable group scheme of finite type acting on 
a regular separated noetherian algebraic space X. Fix a nonnegative integer s, 
and consider the closed immersion X^ ^-> X<cs, denote by Ns its normal bun- 
dle. Consider the deformation to the normal cone tt: Ms -^ Pg, the one denoted 
by M°x^X<s in |Ful93al Chapter 5]. The morphism tt: M^ ^ P;^ is flat and G- 
invariant. Furthermore 7r~-'^(A^) = X<s Xs {^s)^ while the fiber at infinity of it is 
Ng. Consider the restriction 7r° : M° -> P^ to the open subset M° = (Ms)<s; then 
(7r°)-i(A^) = X^s Xs A^, while the fiber at infinity of 7r° is N° = (Ns)<s. We 
define a specialization homomorphism 

by composing the puUback 

K,(X<„ G) -^ K,(X<s Xs A^, G) = K^M" \ N^, G) 
with the specialization homomorphism 

SpMo: K,(M°\N0,G)^K,(N°,G) 

defined in the previous subsection. 

We can also define more refined specializations. 

Proposition 3.6. Let Y ^' Pg be regular at infinity. 

(i) If H Q G is a diagonaHzable subgroup scheme, then the restriction Y^ -^ P^ 

is regular at infinity. 
(ii) If s is a nonnegative integer, the restriction Ys —^ Pg is also regular at infinity. 

Proof. Part Q and Proposition 12. 21 llHl imply part ^. 

To prove Q, notice that, by Tho93 Prop. 3.1], Y^ is regular, and so is Y^ . 
Let / be the puUback to F of a local equation for the section at infinity of P^ -^ S, 
and let p be a point of Y^ . Since the conormal space to Y^ in Y has no nontrivial 
_ff -invariants, clearly the differential of / at p can not lie in this conormal space, 
hence / is not zero in any neighborhood of p in Y^ . This implies that Y^ is a 
regular Cartier divisor on Y^ , as claimed. 4|k 

If t is an integer with t < s, let us set N^.i = (Ns)t. We have that the restriction 
{Ms)t -^ Pg is still regular at infinity, by Proposition l3.6ll| ii |) : so we can also define 
a specialization homomorphism 

Sp^,,: K,{Xt,G)^K,{Nsj,G) 

by composing the puUback 

K^XuG) -^ K^Xt xs Al, G) = K,((M°)t \ (N,,,, G) 

with the specialization homomorphism 

Sp(MO),: K,((M°)AN,,,,G) ^K,(N,,,,G). 

The specializations above are compatible, in the following sense. 
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Proposition 3.7. In the situation above, the diagram 

K,(X<„G) > K,(Xt,G) , 



Sp 



X.s 



Sp^ 



K,(N0,G) >K4N,,t,G) 

where the rows are restriction homomorphisms, commutes. 

Proof. This follows immediately from the compatibility of specializations (Theo- 
remESll- 4 

4. Reconstruction from the strata 

4.1. K-rigidity. 

Definition 4.1. Let F be a G-invariant regular locally closed subspace of X. We 
say that Y is K-rigid inside X if y is regular and A_i(NyX) is not a zero-divisor 
intheringK4y,G). 

This condition may seem unlikely to ever be verified: in the non-equivariant case 
A_i (Ny X) is always a nilpotent element, since it has rank zero over each component 
of X. However, in the equivariant case this is not necessary true. Here is the basic 
criterion that we will use use to check that a subspace is K-rigid. 

Lemma 4.2. Let Y be a G-space, E an equivariant vector bundle on Y . Suppose 
that there is a subtorus T of G acting trivially on Y , such that in the eigenspace 
decomposition of E with respect to T the subbundle corresponding to the trivial 
character is 0. Then X-i(E) is not a zero-divisor in K*(Y,G). 

Proof. Choose a splitting G ~ Z? x T; by |Tho86b| Lemme 5.6], we have 

K,(r, G) = K,(y, £>) RT = K,(y, D) ® z[tt\ ..., tt^]. 



li E — ^ f E^ is the eigenspace decomposition of E, we have that A_i(-E) 
corresponds to the element Yl pf •^-i(-E'x "^ x) of K,(y, D) (g) RT, so it enough to 
show that X^i{E^ (g) x) is not a zero-divisor in K^,{Y, D) ® RT. But we can write 

A_i(^x » X) = 1 + »^iX + r2X^ + ■■■ + rnX" e K,(r, D) RT, 

where r„ = (— l)"[det £'^] is a unit in K^{Y,D). 

Now we can apply the following elementary fact: suppose that A is a ring, ri, 
. . . , rn central elements of A such that r„ is a unit, x G ^[^i ; • • ■ i ^„ ] a- monomial 
different from 1. Then the element I + rix + r2x'^ + ' ' ' + fnX" is not a zero-divisor 

inA[i±i,...,t±i]. 4 

The next Proposition is a K-theoretic variant of |Bri98l Proposition 3.2]. 

Proposition 4.3. Let Y be a closed K-rigid subspace of X , and set U = X \Y . 
Call i: Y ^^ X and j : U ^-^ X the inclusions. 

(i) The sequence 

— >K,{Y,G) ^^K4X,G) ^K4C/,G) — >0 
is exact. 
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(ii) The two restriction maps 

i*:K4X,G) — >K4Y,G) and j*:K,(X,G) — >K,(t/,G) 
induce a ring isomorphism 

ii\j*):K4X,G)^^K,{Y,G) x K,{U,G) 

K.(y,G)/(A_i(N^X)) 

where NyX is the conormal bundle ofY in X, the homomorphism 

K4r,G) ^K4r,G)/(A_i(NyX)) 
is the projection, while the homomorphism 

K^U, G) ~ K,(X, G)/i, K,(y, G) -^ K,(r, G)/(A_i(NyX)) 
is induced by i* : K,(X, G) -^ K^Y, G). 

Proof. From the self- intersection formula f Theorem 12. l|l we see that the composi- 
tion i*i, : K»(F. G) -^ K*(y, G) is multiplication by A_i(NyX), so i, is injective. 
We get part (Q) from this and from the localization sequence. 

Part lO follows easily from part Q, together with the following elementary fact. 

Lemma 4.4. Let A, B and C he rings, f : B —> A and g: B —> G ring homo- 
morphisms. Suppose that there exist a homomorphism of abelian groups <j): A ^ B 
such that: 
(i) The sequence 

— > A^B ^G — >0. 
is exact; 
(ii) the composition fofj)' A^ A is the multiplication by a central element a £ A 
which is not a zero divisor. 

Then f and g induce an isomorphism of rings 

if,g):B^A x G, 

A/ia) 

where the homomorphism A —* A/ (a) is the projection, and the one G —* A/ (a) is 
induced by the isomorphism G ~ B/mi(j} and the projection g: B ^ A. 4> 

4.2. The theorem of reconstruction from the strata. This section is entirely 
dedicated to the proof of our main theorem. Let us recall what it says. Let G act 
on X with the usual hypotheses. Consider the strata Xg defined in Subsection 12. 21 
and the specialization homomorphisms 

Sp^_,: K,(Xt,G)~-.K,(N3,,,G) 

defined in Subsection 13. II 

Theorem 4.5 (The theorem of reconstruction from the strata). The homomor- 
phism 

n 

K,(X,G)^[]k,(X„G) 

.s=0 

obtained from the restrictions K*(X, G) — > K*(X<;,G) is injective. Its image con- 
sists of the sequences {as) G ris=o K*(Xs, G) with the property that for each s ~ 1, 
. . . , n the pullback of a & ¥^^{Xs, G) to K, (N^ ,j_i, G) coincides with Sp^^^^ (a^-i) G 
K,(N,,,_i,G). 



14 GABRIELE VEZZOSI AND ANGELO VISTOLI 

In other words, wc can view K*(X, G) as a fiber product 

K,(X,G)~ K,(X„,G) X K,(X„_i,G) X 

K.(N„,„_i,G) K.(N„_i,„_2,G) 

X K^{Xi,G) X K^{Xo,G). 

K.(N2,i,G) K.(Ni,0:G) 

Here is our starting point. 

Proposition 4.6. Xg is K-rigid in X . 

Proof. This follows from Proposition 12. 21 l|iiH) . and Lemma ^21 'I' 

So from Proposition l4.3l (|iHl applied to the closed embedding is'. Xs ^^ X<s, we 
get an isomorphism 

K,XX<s,G)^K4X,,G) X K,(X<„G). 

K.(X,,G)/(A_i(NV)) 

We can improve on this. 
Proposition 4.7. The restrictions 

K, (X<„ G) -^ K, (X, , G) a«d K, (X<, , G) ^ K, (X<„ G) 
induce an isomorphism 

K, (X<, , G) ^^ K, (X, , G) X K, (X<, , G) , 

K.(NO,G) 

where the homomorphism K*(Xs, G) — > K,(Ng, G) is the pullhack, while 

Spy,,: K,(X<„G)^K,(N0,G) 

is t/ie specialization. 

Proof. Let us start with a lemma. 

Lemma 4.8. The restriction homomorphism K,(Xs, G) ^ K*(N2, G) is surjective, 
and its kernel is the ideal (A_i(N^)) C K,(Xs,G). 

Proof. Since the complement of the zero section so : Xs '-^ N, coincides with (Ns)<s 
f Proposition 12.21 Jml)), we can apply Proposition 14.31 iQ) to the normal bundle N,, 
and conclude that there is an exact sequence 

Q^K.,{Xs,G) ^ K,(N„G) — .K,(N^,G) ^ 0. 

Now, Sq : K,(Ns,G) -^ K»(Xs,G) is an isomorphism, and the composition 
SgSo*: K,(Xs,G) -^ K,(Xs,G) is multiplication by A_i(N^), because of the self- 
intersection formula l2. II and this implies the thesis. 4f> 

Therefore the restriction homomorphism K*(Xs,G) -^ K*(N2,G) induces an 
isomorphism of K,(Xs, G)/(A_i(N^)) with K*(N2, G); the Proposition follows from 
this, and from Proposition 13. 71 4|k 

Now we proceed by induction on the largest integer s such that X, 7^ 0. If s = 
there is nothing to prove. If s > 0, by induction hypothesis the homomorphism 

K,(X<3,G) ^K,(X,_i,G) X ••• X K*(Xo,G) 

K.(N,.,_i,G) K.(Ni.o,G) 

induced by restrictions is an isomorphism; so from Proposition 14. 71 we see that to 
prove Theorem 14.51 it is sufficient to show that if as G K*(Xs,G), a<s G K,(X < 
s,G), as-i is the restriction of a<s to K*(Xs_i,G), a" is the pullback of as to 
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K*(N°, G) and as,s-i is the puUback of as to K*(Ns,s-i, G), then Spj^^ ,,(a<s) — a^ 
if and only if Sp^^^ (as-i) = Ois,s-i- But the diagram 

K4X<s,G') "''"" > K4Ng,G) , 



K,{Xs-i,G) ^ K,(N,,s_i,G) 

where the cohims are restriction homomorphisms, is commutative f Proposition l^ . 7|l : 
hence it suffices to show that the restriction homomorphism 

K,(N°,G)^K,(N,,,_i,G) 

is injective. To prove this we may suppose that the action of G on Xg is connected, 
that is, Xs is not a nontrivial disjoint union of open invariant subspaces. In this 
case the toral component of the isotropy group of a point of Xg is constant. 

Set i? = Ng, and consider the eigenspace decomposition E ~ ^ cf-^x- ^^ 
obtain a decomposition E — Q^ Ei by grouping together E^ and E^i when the 
characters x ^'Hd x' ^-^e muhiple of a common primitive character in T. Then 
clearly a geometric point of E is in -Es_i if and only if exactly one of its components 
according to the decomposition E = 0,- Ei above is nonzero. In other words, Ns.s_i 
is the disjoint union ]Jji?^, where i?,° is embedded in E by setting all the other 
components equal to 0. The same argument as in the proof of Lemma 14.81 shows 
that the kernel of the puUback K^{Xs, G) — > K*(Kf, G) is generated by X^iEi, so 
the kernel of the puUback 

K4X„G)— >K,(Ns,s_i,G) = 0K,(S°,G) 

i 

equals rii{X-iEi); hence we need to show that (A_ii?) — rii{X-iEi). 

This is done as follows. Choose a splitting G = D xT: we have K^,{Xs,G) = 
K^,{Xs,D) (g) RT, as in the beginning of the proof of Lemma 14.21 First of all, 
we have A_i_B = J^^A-i-B^. Furthermore, for each i we can choose a primitive 
character Xi in T such that all the characters which appear in the decomposition 
of Ei are multiples of Xi'i from this we see that X-iEi is of the form J22=m ^i,kx'i^ 
where rrii and n^ are (possibly negative) integers, r^^^ e Ko(Xs,G), Vi^m and ri_„ 
are invertible. Then the conclusion of the proof follows from the following fact. 

Lemma 4.9. Let A be a ring, H a free finitely generated abelian group, xi; ■ ■ ■ , Xr 
linearly independent elements of H . Let 71, . . . , 7^ be elements of the group ring 
AH of the form 7^ = X^fcLm '''i,kXir where the ri^k are central elements of A such 
that ri^„ii o,nd ri^m cire invertible. Then we have an equality of ideals (71 . . .7^) — 
(71) n . . . n (7r) in AH. 

Proof. By multiplying each 7^ by r^^^xT^"^' ^^ may assume that 7^ has the form 
1 + fliiXi + ■ ■ ■ + fli.siXi* with Si > and a^.g. a central unit in A. We will show 
that for any i ^ j the relation 7^ | qjj , q G AH implies 7^ [ q; from this the thesis 
follows with a straightforward induction. We may assume that r = 2, i ~ 1 and 
J = 2. 

Since xi, X2 are Z-linearly independent elements of H, we may complete them 
to a maximal Z- independent sequence xi, • ■ • , Xn of E[; this sequence generates a 
subgroup H' C H oi finite index. 
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Suppose at first that H' = H, so that AH = A[xi^, ...,Xn^]- Replacing A by 
^[xt'^,---,Xn^], we may assume that AH ^ A[xf^ , xt^] ■ 

If P7i = 972, we can multiply this equality by a sufficiently high power of X1X2 
and assume that p and q are polynomials in A[xi,X2]- Since 72 is a polynomial in 
A[x2] with central coefficients and invertible leading coefficient, the usual division 
algorithm allows us to write p = 572 + r g A[xi , X2] , where r is a polynomial whose 
degree in X2 is less than S2 = deg^^ 72- By comparing the degrees in X2 in the 
equality r^i = {q — 371)72 we see that q — S71 must be zero, and this proves the 
result. 

In the general case, choose representatives ui, . . . , Ur for the cosets of H' in H; 
then any element / of AH can be written uniquely as X]i=i "«/« with fi G AH' . 
Then from the equality (J^i UiPi)^i = X]i "^ili "^6 get Pi7i = 5^72 for all i, because 
71 and 72 are in AH'\ hence the thesis follows from the previous case. l|k 

5. Actions with enough limits 
Let us start with some preliminaries in commutative algebra. 

5.1. Sufficiently deep modules. Let A be a finitely generated flat Cohen-Macau- 
lay Z-algebra, such that each of the fibers of the morphism Spec A -^ Spec Z has 
pure dimension n. If T^ is a closed subset of Spec A, we define the fiber dimension 
of V to be the largest of the dimensions of the fibers of V over SpecZ, and its 
fiber codimension to be n minus its fiber dimension. We say that V has pure fiber 
dimension if all the fibers of V have the same fiber dimension at all points of V (of 
course some of the fibers may be empty) . 

The fiber dimension and codimension of an ideal in A will be the fiber dimension 
and codimension of the corresponding closed subset of Spec A. 

Definition 5.1. Let M be an ^-module. Then we say that M is sufficiently deep 
if the following two conditions are satisfied. 

(i) All associated primes of M have fiber codimension 0. 
(ii) Ext^(yl/p, A/) ~ for all primes p in A of fiber codimension at least 2. 

Here are the properties that we need. 

Proposition 5.2. 

(i) // -> M' -> M ^ M" -^0 is an exact sequence of A-modules, M' and M" 

are sufficiently deep, then M is sufficiently deep. 
(ii) Direct limits and direct sums of sufficiently deep modules are sufficiently deep. 
(iii) // N is an abelian group, then N ®i, A is sufficiently deep. 
(iv) If M is a sufficiently deep A-module, then Exty^(A^, M) — for all A-modules 
N whose support has fiber codimension at least 2. 

Proof. Part (U is obvious. 

Part Jul) follows from the fact that A is noetherian, so formation of Ext^(j4/p, — ) 
commutes with direct sums and direct limits. 

Let us prove part lliii|) . From part (O we see that we may assume that N is 
cyclic. Ii N — li, then M = A, and the statement follows from the facts that A is 
Cohen-Macaulay, and that the height of a prime ideal is at least equal to its fiber 
codimension. 
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Assume that N = Z/mZ, so that M = A/mA. The associated primes of M are 
the generic points of the fibers of A over the primes dividing m, so condition 15. II Q 
is satisfied. 

Take a prime p of A of fiber codimension at least 2, and consider the exact 
sequence 

= Ext\{A/p, A) -> Ext\{A/p, A/mA) -> Ext^(A/p, A) " Ext\{A/p, A). 

If the characteristic of A/f is positive, then the height of p is at least 3, so 
Ext^(A/p, A) = 0, because A is Cohen-Macaulay, and we are done. Otherwise, we 
have an exact sequence 

O^A/p^ A/p -^ A/{{m) + p) ^ 0; 

but the height of (m) +p is at least 3, so Ext^(yl/((m) +p),A) =0. From this we 
deduce that multiplication by m is injective on Ext^(A/p,^), and this concludes 
the proof of part ^^ . 

For part iji^ , notice first of all that if A^ is a finitely generated A- module of fiber 
codimension at least 2 then we can filter N with successive quotients of type A/p, 
where p is a prime of fiber codimension at least 2, so Ext^(A^, Ad) = 0. 

If N is not finitely generated and ^ Af — > £^ ^ A^ ^ is an exact sequence 
of A-modules, A^' is a finitely generated submodule of A^, and E' is the puUback 
of E to A^', then the sequence —> M —>£"—> A^' splits; but because of part (JH) 
of the definition we have Hom^(A^', 7\f) = 0, hence there is a unique copy of A^' 
inside E'. Hence there is a unique copy of A^ inside E, and the sequence splits. 
This completes the proof of the Proposition. 4|k 

5.2. Sufficiently deep actions. Let G be a diagonalizable group scheme of finite 
type over 5*; all the actions will be upon noetherian separated regular algebraic 
spaces, as in our setup. The ring of representations RG = ZG is a finitely generated 
flat Cohen-Macaulay Z-algebra, and each of the fibers of the morphism Spec RG -^ 
SpecZ has pure dimension equal to the dimension of G. 

Definition 5.3. We say that the action of G on X is sufficiently deep when the 
RG-module K^,{X,G) is sufficiently deep. 

Theorem 5.4. Suppose that a diagonalizable group scheme of finite type G acts on 
a noetherian regular separated algebraic space X , and that the action is sufficiently 
deep. Then the restriction homomorphism K* (AT, G) -^ K* {X'^° , G) is injective, 
and its image is the intersection of the images of the restriction homomorphisms 
K,t(A''^,G) — > K*(Ar °,G), where T ranges over all subtori of G of codimension 1. 

Proof. We need some preliminaries. 

Lemma 5.5. Suppose that G acts on X with stabilizers of constant dimension s. 
Then the support of K^{X,G) as an HG-module has pure fiber dimension s, and 
any associated prime ofK^(X,G) has pure fiber dimension s. 

Proof. Suppose first of all that s is 0. Then it follows easily from Thomason's 
localization theorem ( |Tho92| ') that the support of K*(X, G) has fiber dimension 0, 
and from this we see that every associated prime must have fiber dimension 0. 

In the general case, we may assume that the action is connected (that is, X is 
not a nontrivial disjoint union of open invariant subspaces); then there will be a 
splitting G = H Xs T, where iJ is a diagonalizable group scheme of finite type 



18 GABRIELE VEZZOSI AND ANGELO VISTOLI 

acting on X with finite stabilizers, and T is a totally split torus that acts trivially 
on X. In this case 

K* (X, G) = K, {X, H) ®z RT = K* (X, H) ®kh RG. 

The proof is concluded by applying the following lemma. 

Lemma 5.6. Let A be a flat Cohen-Macaulay Z-algebra of finite type, A —f B a 
smooth homomorphism of finite type with fibers of pure dimension s. Suppose that 
M is an A-module whose support has fiber dimension 0. Then M 'S)a B has support 
of pure dimension s, and each of its associated primes has fiber dimension s. 

Proof. Since tensor product commutes with taking direct limits and B is flat over A, 
we may assume that M is of finite type over A. By an obvious filtration argument, 
we may assume that M is of the form A/)p , where p is a prime ideal of fiber dimension 
0. In this case the only associated primes of M ®a B are the generic components 
of the fiber of Spec B over p, and this proves the result. 4|k 

Lemma 5.7. Suppose that X and Y are algebraic spaces on which G acts with 
stabilizers of constant dimension respectively s and t. If N is an KG-submodule 
of K,t {Y, G) and t < s, then there is no nontrivial homomorphism of HG-modules 
fromN toK.,{X,G). 

Proof. Given such a nontrivial homomorphism N — > K*(X, G), call / its image. 
The support of / has fiber dimension at most t, so there is an associated prime of 
fiber dimension at most t in K^,{X, G), contradicting Lemma l5.5l 4|k 

Now we prove Theorem 15.41 Let n be the dimension of G, so that Xn — X'^° . 
First of all, let us show that the natural projection 

K,(X,G) ^K,(X„,G) X K4X„_i,G) 

K.(N„,„_i,G) 

is an isomorphism. This will be achieved by showing that for all s with < s < n— 1 
the natural projection K*(X, G) — > Pg is an isomorphism, where we have set 

P, = K4X„,G) X K4X„_i,G) X 

K.(N„,„_i,G) K.(N„_i.„_2,G) 

X K,{Xs,G). 

K.(N, + i.,,G) 

For s = this is our main Theorem 14. 51 so we proceed by induction. If s < n — 1 
and the projection above is an isomorphism, we have an exact sequence 

— . K^X, G) -^ Ps+i X K4X„ G) — . K4N,+i,,, G), 

where the last arrow is the difference of the composition of the projection Ps+i ~* 
K*(Xs+i,G) with the puUback K*(Xs+i,G) -^ K*(Ns_|_i_s, G), and of the special- 
ization homomorphism K*(Xs, G) — * K*(Ns4-i s, G). If we call N the image of this 
difference, we have an exact sequence of RG-modules 

— ^ K^X, G) — > P,+i xK4X„G)^7V->0, 

and the support of N is of fiber dimension at most s < n — 2 by Lemma 15.51 
hence it is of fiber codimension at least 2. It follows from the fact that K*(X, G) is 
sufficiently deep and from Proposition 15. 21 lpv|l that this sequence splits. From the 
fact that K*(X, G) has only associated primes of fiber dimension we see that the 
puUback map K*(Xs, G) -^ N must be injective, and from Lemma I^TtI that a copy 
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of N living inside Ps+i x K^{Xs,G) must in fact be contained in K^,{Xs,G); this 
implies that the projection K*(X, G) -^ Ps+i is an isomorphism. 
So the projection 

K^{X,G) — >K^{Xn,G) xk,(n„,„_i,g) K*(X„_i, G) 

is an isomorphism. Then the kernel of the specialization homomorphism from 
K*(X„_i, G) to K»(N„^„„i, G) maps injectively in K»(X, G), so it must be 0, again 
because K*(X, G) has only associated primes of fiber dimension 0. Furthermore 
X„_i is the disjoint union of the X^_i when T ranges over all finite subtori of 
G of codimension 1, and sinfilarly for N„^„_i. On the other hand, because of our 
main theorem applied to the action of G on X^ , we have the natural isomorphism 
K^{X'^,G) ^K,(X'^«,G)xk.(n^„_,,g)K,(XJ_i,G), and this completes the proof 
of Theorem 15.41 4 

5.3. Actions v^rith enough limits are sufficiently deep. For the rest of this 
section S will be the spectrum of a field fc, G is a diagonalizable group scheme of 
finite type acting on a smooth separated scheme X of finite type over fc; call M 
the group of one-parameter subgroups Gm,fc ^ G of G. There is a natural Zariski 
topology on M ~ Z" in which the closed subsets are the loci of zeros of sets of 
polynomials in the symmetric algebra SymJ M"^ ; we refer to this as the Zariski 
topology on M . 

We will denote, as usual, by Go the toral component of G. If n is the dimension 
of G, then Xn — X'^" . Furthermore, if we choose a splitting G ~ Go x G/Gq we 
obtain an isomorphism of rings 

K,{X^°,G) ~ K,{X^°,G/Go) (g) RGo 

f |Tho86b[ Lemme 5.6]). 

Definition 5.8. Suppose that fc is algebraically closed. Consider a one parameter 
subgroup H — Gni,fc — > G, with the corresponding action of Gm,fc on X . We say 
that this one parameter subgroup admits limits if for every closed point x E X , the 
morphism Gm.fe — > X which sends t E G to tx extends to a morphism A^ — > X. 
The image of G A^(fc) in X is called the limit of x for the one parameter subgroup 
H. 

We say that the action of G on X admits enough limits if the one parameter 
subgroups of G which admit limits form a Zariski-dense subset of M . 

If fc is not algebraically closed, then we say that the action admits enough limits 
if the action obtained after base change to the algebraic closure of fc does. 

Remark 5.9. One can show that the locus of 1-parameter subgroups of G admit- 
ting limits is defined by linear inequalities, so the definition can be stated in more 
down to earth terms (we are grateful to the referee for pointing this out). 

The notion of action with enough limits is a weakening of the notion of filtrable 
action due to Brion. More precisely, an action has enough limits if it satisfies 
condition (i) in ,Bri9fL Definition 3.2]; there is also a condition (ii) on closures of 
strata. 

The main case when the action admits enough limits is when X is complete; 
in this case of course every one-parameter subgroup admits limits. Another case 
is when the action of Gq = G,',\ i, on X extends to an action of the multiplicative 
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monoid A". Also, we give a characterization of toric varieties with enough hmits 
in Prop. O 

Theorem 5.10. Suppose that a diagonalizable group scheme of finite type G over 
a perfect field k acts on a smooth separated scheme of finite type X over k. If the 
action of G admits enough limits, then it is sufficiently deep. 

By putting this together with Theorem 15.41 we get the foUowing. 

Corollary 5.11. Suppose that a diagonalizable group scheme of finite type G over 
a perfect field k acts on a smooth separated scheme of finite type X over k. If the 
action of G admits enough limits, then the restriction homomorphism 

K,{X,G) — >K,{X^°,G) 

is injective, and its image is the intersection of the images of the restriction ho- 
momorphisms K^(X"'",G) — > M^{X ° ,G), where T ranges over all suhtori of G of 
codimension 1. 

For example, consider the following situation, completely analogous to the one 
considered in |Bri98l Corollary 7] and in |G-K-MP98j . Let G be an n-dimensional 
torus acting on a smooth complete variety X over an algebraically closed field k. 
Assume that the fixed point set X'^" = X„ is zero-dimensional, while X„_i is 1- 
dimensional. Set X'^° = {xi, . . . , Xf }, and call Pi, . . . , Pr the closures in X of the 
connected components of X„_i. Then each Pj is isomorphic to P^, and contains 
precisely two of the fixed points, say Xi and Xii . Call Dj the kernel of the action of 
G on Pj ; then the image of the restriction homomorphism 

K^iPj, G) -^ K,(a;„ G) x K^{xe,G) = K^fc) ® RG x K^fc) ® RG 

consists of the pairs of elements 

(a, 13) e K»(fc) RG X K,(fc) ® RG 

whose images in K*(fc)(X)RDj coincide (this follows immediately from Theorem l4.5|l . 
From this and from Corollary 15 . 1 II we get the following. 

Corollary 5.12. In the situation above, the restriction map 

t n 

K,(X, G) ^ Jl K,(x„ G)^Y[ K^/c) RG 

i=l 1=1 

is injective. Its image consist of all elements (a^) such that if Xi and Xi' are con- 
tained in some Pj, then the restrictions of at and ai' to K*(fc) ® ^Dj coincide. 

Theorem 15 -lUI is proved in the next subsection. 

5.4. Bialynicki-Birula stratifications. Let us prove Theorem l5.lfll like in [Bri97j . 
the idea is to use a Bialynicki-Birula stratification. We will prove the following. 

Proposition 5.13. Suppose that a diagonalizable group scheme of finite type G 
over a perfect field k acts with enough limits on a smooth separated scheme of finite 
type X over k. Then the KG-module K^{X,G) is obtained by taking finitely many 
successive extensions of KG-modules of the form N ®x R-G, where N is an abelian 
group. 
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Theorem 15.1 HI follows from this, in view of Proposition 15.21 parts (0) and 
Let us prove the Proposition. 

First of all, let us assume that k is algebraically closed. We will only consider 
closed points, and write X for X{k). 

It is a standard fact that the one-parameter subgroups H = Gm.k ^ Go with the 
property that X^" = X^ form a nonempty Zariski open subset of M, so we can 
choose one with this property that admits enough limits. There is a (discontinuous) 
function X -^ X'^° sending each point to its limit. Let Ti, . . . , T^ be the connected 
components of X*^"; call Ei the inverse image of Ti in X, and ttj : Ej -^ Tj the 
restriction of the limit function. The following is a fundamental result of Bialynicki- 
Birula. 

Theorem 5.14 (Bialynicki-Birula) . In the situation above: 

(i) The Ej are smooth locally closed G-invariant subvarieties of X . 

(ii) The functions ttj : Ej -^ Tj are G-invariant morphisms. 

(iii) For each j there is a representation Vj of H and an open cover {Ua} ofTj, 
together with equivariant isomorphisms nj' (Ua) — Ua ^ Vj, such that the 
restriction ttj ; ttJ (Ua) -^ Ua corresponds to the projection Ua 'x Vj —^ Ua- 

(iv) If X is a point of Tj , then the normal space to Ej in X at x is the sum of the 
negative eigenspaces in the tangent space to X at x under the action of H . 

Of course in part ijinll we may take Vj to be the normal bundle to Ej in X at 
any point of Tj . 

This theorem is proved in |Bia73j ; we should notice that the condition that X is 
covered by open invariant quasiafSne subsets is always verified, thanks to a result 
of Sumihiro ([Sum75|). 

Now we remove the hypothesis that k is algebraically closed: here is the variant 
of Bialynicki-Birula's theorem that we need. 

Theorem 5.15. Suppose that a diagonalizable group scheme of finite type G over 
a perfect field k acts with enough limits on a smooth separated scheme of finite 
type X over k. Let Yi, ..., Y^ be the connected components of X'^° ; there exists 
a stratification Xi, . . . , X^ of X in locally closed G-invariant smooth subvarieties, 
together with G- equivariant morphisms pi'. Xi —^Yi, such that: 

(i) Xi contains Yi for all i, and the restriction of pi to Yi is the identity. 
(ii) // U is an open affine subset of Yi and Ny is the restriction of the normal 

bundle N^i^i to U, then there is a G-equivariant isomorphism p^ (U) ~ N[/ 

of schemes over U . 
(iii) In the eigenspace decomposition of the restriction of^XiX to Yi, the subbundle 

corresponding to the trivial character of Gq is 0. 

Proof. Let X — X Xspocfc Spec A;, and call F the Galois group of k over k. Choose 
a one parameter subgroup H = Gm.fc ^ G as before. Let Ti, ..., Tg be the 

connected components of X , t^j ■ Ej -^ Tj as in Bialynicki-Birula's theorem. 
The Yi correspond to the orbits of the action of F on {Ti, . . . ,Ts}; obviously F 
also permutes the Ej , so we let Xi , . . . , Xr be the smooth subvarieties of X 
corresponding to the orbits of F on {Ei, . . . ,Es}. The ttj : Ej — » Tj descend to 
morphisms Xi ^ Yi. Properties 10) and ifinl) are obviously satisfied, because they 
are satisfied after passing to k. 
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We have to prove ((u)). Let E be the inverse image of U in Xi, I the ideal of U 
in the algebra k[E]. Because U is affinc, I/P is a projective k[U]-inodule, and G is 
diagonalizable, the projection / — > I /I^ has a k[U]-lmear and G-equivariant section 
///^ — > /. This induces a G-equivariant morphism of [/-schemes E — > N^/, sending 
[/ to the 0-section, whose differential at the zero section is the identity (notice that 
N(7 is also the restriction to U of the relative tangent bundle Tx/u)- We want to 
show that this is an isomorphism; it is enough to check that this is true on the 
fibers, so, let V be one of the fibers of Njj on some point p ^ U . According to 
part (|i3) of the theorem of Bialynicki-Birula, the fiber of X on p is _ff-equivariantly 
isomorphic to V] hence an application of the following elementary lemma concludes 
the proof of Theorem 15. 151 

Lemma 5.16. Suppose that (G-m,fc acts linearly with positive weights on a finite 
dimensional vector space V over a field k. If f: V ^> V is an equivariant poly- 
nomial map whose differential at the origin is an isomorphism, then f is also an 
isomorphism. 

Proof. First all, notice that because of the positivity of the weights, we have 
/(O) = 0. By composing / with the inverse of the differential of / at the origin, 
we may assume that this differential of / is the identity. Consider the eigenspace 
decomposition V = Vi V2 © • • • ® K-, where Gm,k acts on Vi with a character 
t \—f t™', and < mi < 7712 < • • • < TOr. Choose a basis of eigenvectors of V; we 
will use groups of coordinates xi, . . . , Xr, where Xi represents the group of elements 
of the dual basis corresponding to basis elements in Vi, so that the action of Gm./c 
is described by t ■ {xi, . . . ,Xr) = (i™^xi, . . . , t™''Xr). Then it is a simple matter to 
verify that / is given by a formula of the type 

/(xi,.. .,Xr) = (a;i,a;2 -f 72(2:1), 2^3 + /3(a^i,a;2), • ■ -.Xr + frixi,. ..,Xr-i)) 
and that every polynomial map of this form is an isomorphism. ^ 

Now let us show that Theorem 15.151 implies Proposition l5.13l First of all, The- 
orem |^^l(juj and a standard argument with the localization sequence imply that 
the puUback map K*(Fi) (g)z RG = K^,{Yi, G) -^ K{Xi, G) is an isomorphism. 

Now, let us order the strata Xi, . . . , Xr by decreasing dimension, and let us set 
Ui = XiU . . .U Xi. Clearly Xi is closed in Ui. We claim that Xi is K-rigid in Ui 
for all i. In fact, it is enough to show that the restriction of X-i(NxiX) to Yi is 
not a zero-divisor, and this follows from Lemma l4 . 21 and Theorem 15.151 (fnUl . 

Then by Proposition 14.31 (|i)l we have an exact sequence 

-^ K,{X„G) -^ K,([/„G) -^ K,([/,_i,G) — . 0; 

so each K* (Ui, G) is obtained by finitely many successive extensions of RG- modules 
of the form N ®i RG, and X — Ur. This concludes the proof of Proposition 15 . 131 
and of Theorem l5.1UI 

5.5. Comparison with ordinary K-theory for torus actions with enough 
limits. Assume that T is a totally split torus over a perfect field k, acting on a 
separated scheme X of finite type over k. We write T instead of G for conformity 
with the standard notation. 

The following is a consequence of Proposition l5.13l 
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Corollary 5.17. If X is smooth and the action has enough limits, we have 
Tor^^(K,(X,T),Z) ^0 for allp>0. 
The interest of this comes from the fohowing result of Merkurjev. 
Theorem 5.18 f jMerQ?!. Theorem 4.3]). There is a homology spectral sequence 

El^ = Tor«'^(Z,K,(X,T)) =^ Kp+,(X) 
such that the edge homomorphisms 

are induced by the forgetful homomorphism K, (X, T) -^ K^{X). 

In particular the ring homomorphism Z ®rt ^a{X,T) —> Ko(X) is an isomor- 
phism. 

Furthemore, if X is smooth and projective we have E'i — for all p > 0, so the 
homomorphism Z (g)RT K,(X, T) -^ K,(X) is an isomorphism. 

More generally, Merkurjev produces his spectral sequence for actions of reductive 
groups whose fundamental group is torsion-free. 

From Corollary 15 . 1 71 we get the following extension of Merkurjev's degeneracy 
result. 

Theorem 5.19. Suppose that T is a totally split torus over a perfect field k, acting 
with enough limits on a smooth scheme separated and of finite type over k. Then 
the forgertful homomorphisms K*(JC, T) -^ K*(X) induces an isomorphism 

Z®rtK,(X,T)^^K,(X). 

6. The K-theory of smooth toric varieties 

Our reference for the theory of toric varieties will be |Ful93b| . 

In this section we take T to be a totally split torus over a fixed field fc, 

iV = Hom(G,„,fe,T)=f^ 

its lattice of one-parameter subgroups, A a fan in iV(8>K, X — X{/S) the associated 
toric variety. We will always assume that X is smooth; this is equivalent to saying 
that every cone in A is generated by a subset of a basis of N . 

We will give two different descriptions of the equivariant K-theory ring of X, 
one as a subring of a product of representation rings, and the second by generators 
and relations, analogously to what has been done for equivariant cohomology in 

6.1. The equivariant K-theory ring as a subring of a product of rings of 
representations. There is one orbit Oa of T on X for each cone cr e A, containing 
a canonical rational point x„ G Oa{k). The dimension of 0^ is the codimension 

dcf 

codimcT = diniT — dimcr, and the stabilizer of any of its geometric points is the 
subtorus To- C T whose group of one-parameter subgroups is precisely the subgroup 
(cr) = (T+(— cr) C N; the dimension of T^ is equal to the dimension of cr (see |Ful93bl 
3.1]). Hence Xs is the disjoint union of the orbits Oa = T jT^ with dimcr — s. 

Given a cone cr in iV (X) M, we denote by da the union of all of its faces of 
codimension 1. 
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Since 

we have that 

YIk,{X,„T)^ YIk40„,T) = l[K4k)(dRT„. 

s ctGA ctSA 

Lemma 6.1. Fix an positive integer s. Then there is a canonical isomorphism 



N.,,_l ~ [] ]l0r 

aeA rediJ 
dim a—s 

Furthermore, for each pair a, t such that a has dimension s, t has dimension 
s — 1, and T is a face of a, the composition of the specialization homomorphism 

Sp^,-;^ K,(x,_i,r)= W K,(o,,r) 

dim T— s — 1 

with the projection 



ctGA mda 
dim (T— s 



pw^ n n K*(o.,T)^K,(o,,r) 

is the projection 



(tGA reda 
dim CT— s 



pr,: n K,(0,,r)^K,(0,,T). 



rGA 
dim T— s — 1 

Proof. We us the same notation as in |Ful93b| : in particular, for each cone a of the 
fan of X, we denote by Urj the corresponding afhne open subscheme of X. 

First of all, assume that the fan A consists of all the faces of an s-dimensional 
cone a. Call B a part of a basis of N that spans a: we have an action of To- 
on the fc- vector space V^ generated by B, by letting each 1-parameter subgroup 
Gm — >• G in i? act by multiplication on the corresponding line in V^, and an 
equivariant embedding Tg- C V^. Then X = Ua is T-equivariantly isomorphic to 
the T-equivariant vector bundle 

T x^' K - (T X V„)/T„ ^ Oo - T/T, 

in such a way that the zero section corresponds to O^ ^ Ua- Since Xs — 0^ and 
Ua is a vector bundle over 0„ , we get a canonical isomorphism {!„ ~ N^ , and from 
this a canonical isomorphism 

It follows that the deformation to the normal bundle of Ocr in Ua is also iso- 
morphic to the product Ua Xk P^, and from this we get the second part of the 
statement. 

In the general case we have Xs = lJdimCT=s '-^o'l ^^'^ if cr is a cone of dimension 
s in A, the intersection of Xg with Ua is precisely Oa. From this we get the first 
part of the statement in general. 
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The second part follows by applying the compatibility of specializations to the 
niorphisni of deformation to the normal bundle induced by the equivariant mor- 
phismUdima=.t^^^^- 4 

Using this lemma together with Theorem l4.5l we get that K, {X, T) is the subring 
of 

[|K,(0„T)= J|K,(fc)®RT, 

itGA ctGA 

consisting of elements {aa) with the property that the restriction of aa S K,(fc) ® 
RTcr to K*(fc) ® RT^ coincides with Or G K*(/i;) ® RT,- every time r is a face of 
codimension 1 in cr. Since every face of a cone is contained in a face of codimension 1 , 
this can also be described as the subring of J|^ K*(/c) ® RTo- consisting of elements 
(co-) with the property that the restriction of a^ G K*(/c) ® RT^ to K*(A;) ® RT^- 
coincides with a,- S K^,{k) ® RT,- every time r is a face of a. But every cone in 
A is contained in a maximal cone in A, so we get the following description of the 
equivariant K-theory of a smooth toric variety. 

Theorem 6.2. IfX(A) is a smooth toric variety associated with a fan A in N®W, 
there is an infective homomorphism of KT- algebras 



K,{X{A),T)^ II K4k)<»RT,, 



CrGAinax 

where Amax is the set of maximal cones in A. 

An element {ua-) G ri(T^*(^) "^ R-^^o- is in the image of this homomorphism if 
and only if for any two maximal cones cti and 02 , the restrictions of a^^ and 0^2 
to K^,{k) ® RrcrinCT2 coincide. 

This description of the ring K* {X, T) is analogous to the description of its equi- 
variant cohomology in |B-DC-P90J , and of it equivariant Chow ring in |Bri97l The- 
orem 5.4]. 

6.2. The multiplicative Stanley Reisner presentation. From the description 
above it is easy to get a presentation of the equivariant K-theory ring of the smooth 
toric variety X(A), analogous to the Stanley-Reisner presentation of its equivariant 
cohomology ring obtained in |B-DC-P90J . Denote by Ai the subset of A consisting 
of 1-dimensional cones. We will use the following notation: if ct G Amax, call 
N„ Q N the group of 1-parameter subgroups of T^, so that T^ — {N^Y . We will 
use multiplicative notation for To-. Furthermore, for any p g Ai we call Vp £ N the 
generator for the monoid pH N. 

For each p S Ai we define an element Up of the product ricreA -^o'' ^^ follows. 
If p is not a face of a, we set {up)a = 1- If p G Ai is a face of cr G A^ax and 
{p = pi,p2 ■ ■ ■ , Pt} is the set of 1-dimensional faces of a, then, since the variety 
X{A) is smooth, we have that Vp-^, . . . , Vp^. form a basis for No-. If w'^j , • • ■ , v^^ is 

the dual basis in T^ = N^ , we set Up = Vp^ . 

Denote by Va Q IlCTeA ^<^ ^^^ subgroup consisting of the elements (xc) with 
the property that for all cri , a2 in Amax the restrictions of Xa-i G T^--^ and Xa2 G T^-^ 
to TcTinCTa coincide. Then we have the following fact. 

Proposition 6.3. The elements Up form a basis o/Va- 
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The proof is straightforward. 
We have the inclusions 



CreAniax CreAniax (TeA.nax 

because of the description of the ringK*(X(A), T) as a subring of Ho-eA K*(A:)(8) 
RTcr given in Theorem 16.21 we see that we can consider the Up as elements of 

k4x{A),t). 

There are some obvious relations that the Up satisfy in 
K,(X(A),T)C Yl K,(fc)(g)RT^. 

Suppose that 5 is a subset of Ai not contained in any maximal cone of A. Then 
for all cr in Amax there will be some p E S such that (up)a- = 1 in T^; hence we 
have the relation 

Yliup^ 1) = in K,(X(A),r)c Yl K,{k)^RT,. 

pes creA„,ax 

From this we get a homomorphism of K*(fc)-algebras 

where the Xp are indeterminates, where p varies over Ai, and S over the subsets of 
Ai whose elements are not all contained in a maximal cone in A, by sending each 
Xp to Up. 

Theorem 6.4. Suppose that ^(A) is a smooth toric variety associated with a fan 
A in N (E)R. Then the homomorphism i6.1\) above is an isomorphism. 

Proof. First of all, let us show that the Up and their inverses generate 

K,(X(A),T)C Yl K,{k)(g)RT„. 

O-eAmax 

Set Amax = {ci, . . . ,crr}, and let a be an element of K*(X(A),r); we want to 
show that a can be expressed as a Laurent polynomial in the Xp evaluated in the 
Up. The ring K*(fc) (g) RTo-i is a ring of Laurent polynomials in the images of the Up 
with p C (Ti, so we can find a Laurent polynomial pi{xp), in which only the Xp with 
p C ai appear, such that the image oi pi{up) in K.^,{k) (^ RTo-j equals the image of 
a in the same ring. By subtracting pi(up), we see that we may assume that the 
projection of a into K*(fc) (g) RT^^ is zero. 

Now, let us repeat the procedure for the maximal cone a2'- find a polynomial 
Pi{xp), in which only the Xp with p C a2 appear, such that the image oi p2{up) 
in K*(A:) (g RT^^ equals the image of a in the same ring. The key point is that 
the restriction of a to K*(fc) (gi RT^incra is zero, so in fact P2{xp) can only contain 
the variables Xp with p not in ai. Hence the restriction oi p2{xp) to K»(A:) (g RT^^ 
is also zero, and after having subtracted P2{xp) from a we may assume that the 
restriction of a to both K*(fc) g) RT„^ and K*(fc) g) RT„^ is zero. We can continue 
this process for the remaining cones cts, . . . , Ur] at the end all the projections will 
be zero, and therefore a will be zero too. 
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Now we have to show that the kernel of the homomorphism 
(6.2) K,(fc)[x±i] ^ Yl K4fc)®RT, 

creA„ax 

sending each Xp to Up equals the ideal (Iloes^'^P ~ "'^))' ^^ere S varies over all 
subsets of Ai not contained in any maximal cone. The kernel of the projection 

equals the ideal I^ generated by the Xp — 1, where p varies over the set of 1- 
dimensional cones in Ai not contained in cr, hence the kernel of the homomor- 
phism 16.21 is the intersection of the I^ ■ The result is then a consequence of the 
following lemma. 

Lemma 6.5. Let R be a (not necessarily commutative) ring, {xp}p£E a finite set 
of central indeterminates; consider the ring of Laurent polynomials R[xp\. Let 
Ai, . . . , Ar be subsets of E; for each j — 1, . . . , r call Lj the ideal of R\xp\ 
generated by the elements Xp — 1 with p £ Aj. 

Then the intersection LiD- ■ -Hlr is the ideal of R[xp\ generated by the elements 
Yipes^^p ~ ^^' where S varies over all subsets of E that meet each Aj. 

Remark 6.6. When each Aj contains a single element this is a particular case of 
Lemma 14.91 The obvious common generalization should also hold. 

Proof. We proceed by induction on r; the case r = 1 is clear. In general, take 
p e /i n ■ • • n /r C /2 n • ■ • n /r; by induction hypothesis, we can write 

p^T.(l[ (^P-i))?^, 

s Ves ^ 

where S varies over all subsets of E whose intersection with each of the A2, . . . , Ar 
is not empty. We can split the sum as 

the first summand is in /i n • • • n /r and is of the desired form, so we may subtract 
it from p and suppose that p is of the type 

Now, consider the ring i?[xp 1 ^ . of Laurent polynomials not involving the vari- 
ables in A\\ it is a subring of i?[a:^^] , and there is also a retraction 

'K:R{xf\-^R{xf\^^^^^ 

sending each Xp with p G Ai to 1, whose kernel is precisely I\. The elements 
npes(^p ~ 1) are in R{x^^\p^j^^. and 

so we can write 



piM 



SnAi=0 Ves 



'^ ^^{^P~^)\{^S'T^(IS)- 
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Then we write each qs — ttqs G /i as a hnear combination of the polynomials Xp — 1 
with p E Ai; this concludes the proofs of the lemma and of the theorem. 

6.3. Ordinary K-theory of smooth toric varieties. From Merkurjev's theorem 
H5.18|l we get that Ko(X) = Z ®rt Ko(X, T). If the Merkurjev spectral sequence 
degenerates then we also have K*(X) = Z CS)rt ^*{X,T); this gives a way to 
compute the whole K-theory ring of X . 

In general, the spectral sequence will not degenerate, and the ring K,(X) tends 
to be rather complicated (for example, when X — T). When the toric variety has 
enough limits we can apply Theorem 15.191 Using the description of closures of 
orbits given in |Ful93bl 3.1], one shows that given a point x G ^(^j lying in an 
orbit Ot, and a one-parameter subgroup corresponding to an element v Cz N, then 
the point has a limit under the one parameter subgroup if and only if v lies in the 
subset 

U (a+(r)) CiV®R, 

crtEStar r 

where (r) denotes the subvector space t -|- (— t) C iV (g) M, and Starr is the set of 
cones in A containing t as a face. From this we obtain the foUowign. 

Proposition 6.7. X has enough limits if and only if the subset 

rG A o"GStar r 

has nonempty interior. 

Remark 6.8. li X — X{A) is a smooth toric variety with enough limits, the K- 
theory ring of X can be describe in a slightly more efficient fashion: there is an 
injective homomorphism of RT- algebras 



K,iX,T)^ Yl K,(fc)®RT, 



o-gA 
dim o"— dim T 

and an element (a^) £ Yia K*(fc) K'RT' is in the image of this homomorphism if and 
only if for any two adjacent maximal cones ui and (T2 , the restrictions of Oa--^ and 
Oo-a to K*(fc) ® RTo.jn(T2 coincide. 

Theorem 6.9. If X is a smooth smooth toric variety with enough limits, then 
Kq(X,T) is a projective module over RT of rank equal to the number of maximal 
cones in its fan; furthermore the natural ring homomorphism K,(fc) (g)Ko(X, T) — > 
K^(X, T) is an isomorphism. 

In particular we have 

Tor^'^(K,(X, T), Z) = for aU p > 0: 

so from Merkurjev's theorem (|5.18|) we get the following. 

Corollary 6.10. Let X be a smooth toric variety with enough limits. 
(i) The natural homomorphism of rings 

Z«)r,tK,(X,T) — >K4X) 

is an isomorphism ofKT-algebras. 
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(ii) Ko(X) is a free abelian group of rank equal to the number of maximal cones 

in A. 
(iii) The natural homomorphism K,(fc) (g) Ko(X) -^ K*(X) is an isomorphism. 

Remark 6.11. Suppose that the base field is the field C of complex numbers. 
The Merkurjev spectral sequence is an analogue of the Eilenberg-Moore spectral 
sequence ^ |Ei-Mo62p 

Then |B-B-F-K02| contains a description of the fans of the simplicial toric varieties 
for which this spectral sequence degenerates after tensoring with Q. Presumably 
there should be a similar description for the case considered here. 

7. The refined decomposition theorem 

The main result of |Ve-Vi| shows that if G is an algebraic group acting with finite 
stabilizers on a noetherian regular algebraic space X over a field, the equivariant 
K-thcory ring of X, after inverting certain primes, splits as a direct product of 
rings related with the K-theory of certain fixed points subsets. For actions of 
diagonalizable groups it is not hard to extend this decomposition to the case when 
the stabilizers have constant dimension. 

So, in the general case when we do not assume anything about the dimension 
of the stabilizers, this theorem gives a description of the K-theory of each stratum 
Xs] it should clearly be possible to mix this with Theorem l4.5l to give a result that 
expresses K,(X, G), after inverting certain primes, as a fibered product. This is 
carried out in this section. 

The material in this section is organized as follows. We first extend the main re- 
sult of IVe-Vi| over an arbitrary noetherian separated base scheme S fTheorem l7.1|l 
by giving a decomposition theorem in the case of an action with finite stabilizers 
of a diagonalizable group scheme G of finite type over 5 on a noetherian regular 
separated algebraic space X over S. Next, we deduce from this a decomposition 
theorem in the case where the action of G on X has stabilizers of fixed constant 
dimension fTheorem l7.4|l . Finally, we combine the analysis carried out in Section 
4, and culminating with Theorem 14.51 together with Theorem 17.41 to prove a gen- 
eral decomposition theorem (Theorem l7.12|l where no restriction is imposed on the 
stabilizers. 

7.1. Actions with finite stabilizers. Here we recall the main result of |Ve-Vi| 
for actions of diagonalizable groups, extending it over any noetherian separated 
base scheme S. 

Suppose that G is a diagonalizable group scheme of finite type acting with finite 
stabilizers on a noetherian regular separated algebraic space over a noetherian sep- 
arated scheme S. A diagonalizable group scheme of finite type a over S is called 
dual cyclic if its Cartier dual is finite cyclic, that is, if a is isomorphic to a group 
scheme of the form /x„ g for some positive integer n. 

A subgroup scheme cr C G is called essential if it is dual cyclic, and A'' / 0. 

There are only finitely many essential subgroups of G; we will fix a positive 
integer N which is divisible by the least common multiple of their orders. 

Suppose that u is a dual cyclic group of order n. The ring of representations 
Rcr is of the form Z[<]/(i" — 1), where t corresponds to a generator of the group of 
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characters a. Denote by Rct the quotient of Rcr corresponding to the quotient 

Ra = Z[t]/(t"-l)^Z[<]/($„(t)), 

where $„ is the n'^ cyclotomic polynomial. This quotient Rct is independent of the 
choice of a generator for a. We have a canonical homomorphism RG -^ Rct ^> Rct 
induced by the embedding a <Z G. 

We also define a multiplicative system 

S^ CRG 

as follows: an element of RG is in So- if its image in Rct is a power of N . 

For any RG-module M, we define the a -localization M^ of M to be S'^^M . 
Consider the CT-localization 

of the RG- algebra K*(X'^, G). The tensor product K*(X'^, G)cr ® Q is the locahza- 
tion 

(K4X^G)®Q)^^ 

of the RCT-algebra K*(X'^, G) ® Q at the maximal ideal 

m^ = ker(RCT ® Q -^ Rct «> Q). 

We are particularly interested in the CT-localization when ct is the trivial subgroup of 
G; in this case we denote it by K*(J'(', G)gcom, and call it the geometric equivariant 
K-theory of X . The localization homomorphism 

K^X, G) ® Z[l/N] -^ K*(X, G)gcom 

is surjective, and its kernel can be described as follows. Consider the kernel p = 
ker rk of the localized rank homomorphism 

rk: K^{X,G)(giZ[l/N] — »Z[l/iV]; 

then the power p*^ is independent of /c if fc is large, and this power coincides with 
the kernel of the localization homomorphism. 

For each essential subgroup ct C G, consider the compositions 

loc^: K,{X,G)(g>Z[l/N] — yK^X" ,G) (g)1[l/N] — *K,(X'",G)a, 

where the first arrow is a restriction homomorphism, and the second one is the 
localization. 

There is also a homomorphism of RG-algebras K■^,{X'^ ,G) -^ K*(X'^, G)gcom ^ 
Rct, defined as the composition 

K^X'^, G) — > K, (X", G X ct) ~ K, iX", G) «) Rct — > K^X'", G)gcom ® R^r, 

where the first morphism is induced by the multiplication G x a ^^ G, the second 
one is a natural isomorphism coming from the fact that ct acts trivially on X'^ 
f |Ve-Vi[ Lemma 2.7]), and the third one is obtained from the localization homo- 
morphism K*(X°', G) -^ K*(X°', G)gcom and the projection RG -^ Rct. Then the 
homomorphism K^{X'^,G) -^ K*(X'^, G)gcom <X) Rct factors through K^{X'^,G)„ 
f |Ve-Vil Lemma 2.8]), inducing a homomorphism 

e,: K4X",G)<,^K4X",G)gcom®RCT. 

Theorem 7.1. 
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(i) There are finitely many essential subgroup schemes in G, and the homomor- 
phism 

Hloc. : K,(X, G) ® Z[l/N] -^ [] K,(X'^, G),, 

a a 

where the product runs over all the essential subgroup schemes of G, is an 
isomorphism. 
(ii) The homomorphism 

e„: K,(X",G), — >K4X^G)gcom®RfT 
is an isomorphism of HG- algebras. 

Proof. If the base scheme S is the spectrum of a field, this is a particular case of 
the main theorem of |Ve- Vij . 

If G is a torus, the proof of this statement given in |Ve-Vij goes through without 
changes, because it only relies on Thomason's generic slice theorem for torus actions 
f |Tho86al Proposition 4.10]). 

In the general case, choose an embedding G ^^ T into some totally split torus T 
over S, and consider the quotient space 

Y=^Xx'^T= {X xT)/G 

by the customary diagonal action of G; this exists as an algebraic space thanks 
to a result of Artin r |La-MB00l Corollaire 10.4]). The same argument as in the 
beginning of Section 5.1 of |Ve-Vij shows that Y is separated. 

Now observe that if cr C T is an essential subgroup relative to the action of T on 
Y, we have Y"' = unless cr C G is an essential subgroup; hence the least common 
multiples of the orders of all essential subgroups are the same for the action of G 
on X and the action of T on F. 

Also, if (7 C G is an essential subgroup we have Y"^ = X'^ x'^ T, and therefore, 
by Morita equivalence f |Tho87l Proposition 6.2]), we get an isomorphism 

K4y",r)~K4x",G) 

which is an isomorphism of RT-algebras, if we view K*(X'^,G) as an RT-algebra 
via the restriction homomorphism RT — > RG. 

Moreover, Sj C R(r) is exactly the preimage of S^ C R(G) under the natural 
surjection RT — > RG; therefore we have compatible a-localized Morita isomor- 
phisms 

(SJ)-'k4F^T) :^ (S^)"'K,(X^G) 

and (for a equal to the trivial subgroup) 

iV^ (^1 , J Jgcom — lv;f; l^^ , ^ jgcomi 

hence the theorem for the action of G on X follows from the theorem for the action 
of T on y. 4 

7.2. Actions with stabilizers of constant dimension. From the theorem on 
actions with finite stabilizers we can easily get a decomposition result when we 
assume that the stabilizers have constant dimension. Assume that G is a diagonal- 
izable group scheme of finite type over 5, acting on a noetherian regular separated 
algebraic space X over 5* with stabilizers of constant dimension equal to s. 
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Definition 7.2. A diagonalizable subgroup scheme cr C G is dual semicydic if 
cr/cTo is dual cyclic, where (Tq is the toral component of a. 

The order of a dual cyclic group a is by definition equal the order of cr/aQ. 

Equivalently, cr C G is dual semicyclic if it is isomorphic to Gr^ s ^ f^n s ^'^^ some 
r > and n > 0. 

Definition 7.3. A subgroup scheme cr C G is called essential if it is dual semicyclic 
and s-dimensional, and X"' ^ 0. 

There are finitely many subtori Tj C G of dimension s in G with X"^^ ^ 0, and 
X is the disjoint union of the X"^^ . The toral part of an essential subgroup of G 
coincides with one of the Tj ; hence there are only finitely many essential subgroups 
of G. 

We fix a positive integer iV which is divisible by the least common multiple of 
the orders of the essential subgroups of G. 

For each dual semicyclic subgroup cr C G, we define a multiplicative system 

S. =' S,/,„ C R(G/ao) C RG. 

as the set of those elements of R(G/cto) whose image in R(cr/CTo) is a power of 
N . If M is a module over RG, we define, as before, the cr-localization of M to be 
M, = S-iM. 

If cr C G is an essential subgroup, we can choose a splitting G ~ (G/ctq) x ctq; 
according to |Tho86bl Lemme 5.6] this splitting induces an isomorphism 

K^X", G) ~ K,(X", G/fTo) ® Rcto 

and also an isomorphism of cr-localizations 

K,(X^G), ~ K4X-,G/(7o),/,„ ®Rao. 

Fix one of the Tj , and choose a splitting G ~ GjTj x Tj . We have a commutative 
diagram 

TT J^ (X'' G) 

K, {X^^ , G) ® Z[l/N] > . essential 



K,(X^^G/T,■)®RT,■®Z[1/A^]^^. essential ^ ^ ^^^ 

where the two columns are isomorphisms induced by the choice of a splitting G ~ 
GjTj X Tj, and the rows are induced by composing the restriction homomorphism 
from X^i to X'^ with the localization homomorphism. The bottom row is in an 
isomorphism because of Theorem 17. II (|ill. 

Since the product of the restriction homomorphisms 

K4X,G)^[]K4X^^G) 
j 
is an isomorphism, we obtain the following generalization of Theorem 17. II 

Theorem 7.4. Suppose that a diagonalizable group scheme G of finite type over 
S acts with stabilizers of constant dimension on a noetherian regular separated 
algebraic space X over S. 



HIGHER ALGEBRAIC K-THEOR.Y FOR ACTIONS OF DIAGONALIZABLE GROUPS 33 

(i) There are finitely many essential subgroup schemes in G, and the homomor- 
phism 

Hloc. : K^X, G) ® Z[l/N] -^ [] K,(X", G),, 

a a 

where the product runs over all the essential subgroup schemes of G, is an 
isomorphism. 
(ii) For any essential subgroup scheme a C G, a choice of a splitting G ~ {G/ctq) x 
ao gives an isomorphism 

K^X", G), — > K^X'^, G/CT0)gcom ® Rct ® RfTQ. 

Remark 7.5. If s = 0, then (Tq — I for each essential subgroup cr C G, so there is 
a unique splitting G ci (G/ctq) ^ <^o, and the isomorphism in (jnj is canonical. 

7.3. More specializations. For the refined decomposition theorem we need more 
specialization homomorphisms. Let a diagonalizable group scheme G of finite type 
over S act on a noetherian regular separated algebrac space X over S, with no 
restriction on the dimensions of the stabilizers. 

Notation 7.6. Given a diagonalizable subgroup scheme cr C G, we set 

x(-)=x"nx<di,„.. 

Equivalently, X('^) ^ [Xdnr^^y. 

Obviously X^"'' is a locally closed regular subspace of X. 

Definition 7.7. Let a and t be two diagonalizable subgroup schemes of G. We 
say that t is subordinate to a, and we write t ^ cr, if t is contained in a, and the 
induced morphism r —f (t/cfq is surjective. 

Suppose that a and r are diagonalizable subgroup schemes of G of dimension 
s and t respectively, and that t is subordinate to a. Consider the deformation 
to the normal cone Ms — > Pg of Xg in X<s, considered in Subsection 13.11 By 
Proposition 1^1 the restriction Ms — > Pg is regular at infinity, so we can define a 
specialization homomorphism 

K4X^^\G) — >k,(n(^),g). 

Denote by N^ the restriction of Ns to X'-'^K We define the specialization homomor- 
phism 

Sp^,,: K,(xM,G)^K,(nM,G) 

as the composition of the homomorphism K^{X'-'^\G) — > K*(Ns , G) above with 
the restriction homomorphism K*(Ns , G) -^ K^(Na ,G). 
We also denote by 

Spi,,: K,(XM,G), ^K4nM,G), 

the r-localization of this specialization homomorphism. 

(t) 

Remark 7.8. Since t is subordinate to cr, it is easy to see that N^ is a union of 



connected components of N 



(r) 



34 



GABRIELE VEZZOSI AND ANGELO VISTOLI 



7.4. The general case. The hypotheses are the same as in the previous subsection: 
G is a diagonahzable group scheme of finite type over S, acting on a noetherian 
regular separated algebraic space X over S. 

Definition 7.9. An essential subgroup of G is a dual semicyclic subgroup scheme 
aCG such that X^'^'> ^ 0. 

A semicyclic subgroup scheme of G is essential if and only if it is essential for 
the action of G on Xs for some s; hence there are only finitely many essential 
subgroups of G. We will fix a positive integer N that is divisible by the orders of 
all the essential subgroups of G. 

If (T is a dual semicyclic subgroup of G, we define the multiplicative system 
S(j ^ R(G/(To) ^ RG as before, as the subset of R(G/cro) ^ RG consisting of 
elements whose image in K{a/ao) is a power of N. Also, 



K,(X(-),G), ''=^'S;iK4X(^),G), 



as before. 



Proposition 7.10. Let a and t be two semi-cyclic subgroups of G. If t -< a, then 

Proof. Consider the commutative diagram of group schemes 

G/ro » G/cTo 



-^cr/aQ 



by taking representation rings we get a commutative diagram of rings 

R(G/to) i < R(G/ao) 



R(r/ro) ^ 



R(t/to) 



-< R(fT/cro) 



R((T/ao) 



(without the dotted arrow). But it is easy to see that in fact the composition 
R(cr/cro) -^ R(t/to) -^ R(t/to) factors through R(o'/cro), so in fact the dotted 
arrows exists; and this proves the thesis. 4|k 

Now, consider the restriction of the projection tTo-.t : "^J -^ X^'^\ where a 
and T are dual semicyclic subgroups of G, and r is subordinate to a. Because of 
Proposition 17 . 1 01 we can consider the composition of the puUback K^,{X^'^\ G)a -^ 
K,,(Nct , G)o- with the natural homomorphism K, (N^^ , G)(j -^ K»(Nff^ , G)^ com- 
ing from the inclusion S^ C S^; we denote this homomorphism by 



<,: K,(X(^),G), — >K,(nM,G),. 
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Definition 7.11. Suppose that a and r are dual semicyclic subgroups of G and 
that T is subordinate to a. Two elements aa e K»(X'^'^\ G)a and Cr G K,(X,-, G)r 
are compatible if 

For each essential dual semicyclic subgroup a C G we denote by 
loc^: K^{X,G)(g)Z[l/N]^K4X'^''\G)^ 
the composition of the restriction homomorphism 

K,{X, G) ® Z[l/N] -^ K,{X'-^\G) Z[l/N] 
with the localization homomorphism 

K4X^''\G)®Z[l/N] -^K4X^-'\G)„. 

The following is the main result of this section. 

Theorem 7.12. The ring homomorphism 

Y[\oc,: K,{X,G)®Z[1/N]^ J| K,(X('^),G), 

a crCG 

a essential 

is injective. Its image consists of the elements (oo-) o/ J^^ K*(X'-°'\ G)(j with the 
property that if a and r are essential, t ~< a, and dimcr ~ dinir + 1, then a-r and 
Oa are compatible. 

Notice that in the particular case that the action has stabilizers of constant 
dimension, all essential subgroups of G have the same dimension, and this reduces 
to Theorem m 

Also, if a is an essential subgroup of G then X'^'^^ — X^:^^^, so it follows from 
Theorem 17.41 (| i Hl that a splitting G ~ (G/ao) x ctq gives an isomorphism of rings 

K,(X("), G)„ ~ K,(X("\ G/ao)geom ® Ra ® Rao. 

However, this isomorphism is not canonical in general, as it depends on the choice 
of a splitting. 

Proof. To simplify the notation, we will implicitly assume that everything has been 
tensored with Z[l/N]. 

We apply Theorem 14.51 together with Theorem 17.41 According to Theorem 14.51 
we have an injection K*(X, G) ^-> J|^K,(Xs,G) whose image is the subring of 
sequences (a^) G Y[s=o^*i-^'^^^) with the property that for each s — 1, . . . , n 
the puUback of as £ K,(Xs,G) to K,(Ns^s_i,G) coincides with Sp^j(as_i) £ 
K, (Ns^s„i, G). Moreover, bv Theorem l7.4l we can decompose further each K, (X^ , G) 
as Yl^ K»(X('^), G)(j, where a varies in the (finite) set of essential subgroups of G 
of dimension s. By compatibility of specializations, for any s > 0, the following 
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diagram is commutative 

-tV*l,-^s-li ^J ^ r essential 

dim r— s— 1 



K4N,,,_i,G) 



SPa-,= 



n K4nM,G), 



r essential 
dim T—s — 1 




n n K,(Nj,^\G) 



ir) 



T essential cryr 
dim T—s—1 dim cr—s 



where (j) is induced by the obvious puUbacks. On the other hand, the foUowing 
diagram commutes by definition of tt* ^ 



K (Y r<\ ~ V n K,(X('^-',G)cr 

J\,^As, G-j >■ ^ (essential 



IIIIKT — S 



n^.x< 



K4N,,,_i,G) 



n k,(nm,gv 



r essential 
dim r — s— 1 




r essential (T'?~t 
dimr— s — 1 dimcr— . 



n K,{N'j>,G) 



(r) 



Then the Theorem will immediately follow if we show that is an isomorphism. 
This is true because of the following Lemma. 

Lemma 7.13. Fix an essential subgroup t of dimension s — 1. Then for any a )^ t 

(t) (t) (t) 

with dimCT = s, the scheme N^ is open in Ns ; furthermore, Ns is the disjoint 
union of the N^ for all essential a with a y t, dimcr = s. 



.t(-) 



.tM. 



.t(-) 



Proof. We will show that Ns is the disjoint union of the Njj , since each NV ' is 

(t) (r) 

closed in Ns , and there are only finitely many possible a, it follows that each N^ 
is also open in Ns . 

Let us first observe that if a and a' are essential subgroups in G of dimension s 
to which r is subordinate, and Ni-'^^ flN^T^ 7^ 0, then X'^"^ (^X^"^") ^ 0, therefore 
(To is equal to ctq. But this implies that a — a' , since a and a' are both equal to 
the inverse image in G of the image of r ^ G/ctq = G/ctq. 

According to Proposition 12.21 Q, if Ti, . . . , Tr are the essential s-dimensional 
subtori of G, then Ns is the disjoint union of the N^ . Clearly, if tq is not contained 

(t) (r) (r) 

in Tj, then N^. is empty, so Ns is the disjoint union of the N^ , where T ranges 
over the essential s-dimensional subtori of G with tq C T. But there is a bijective 
correspondence between s-dimensional dual semi-cyclic subgroups a (^ G with a >- 
T and s-dimensional subtori of G with tq C T: in one direction we associate with 
each a its toral part ctqi in the other we associate with each T the subgroup scheme 
T + TCG. 

The proof is concluded by noticing that if a and t are as above, with ctq = T, 
then N^""^ = N^''^ 4 



Addendum: corrections (August 2004) 

Amnon Neeman has noticed a serious error in the proof of Theorem 3.2: the 
argument given does not yield a uniquely defined specialization map Spy^ so that in 
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particular compatibility with puUbacks does not hold. This is due to the elementary 
fact, overlooked in the paper, that if one has a fiber sequence of spectra 

E — ^ E' -^-^ E" , 

then a map h : E' ^> E such that h o f is homotopic to zero, does induce a map 
of spectra p : E" — > E, but this map is not unique, as it can be modified by using 
any map £'[1] -^ E (by adding to any given p the composite E" — > E[l] — > E). Of 
course if the nuUhomotopy /i o / ~ is specified then this singles out a unique map 
p : E" — > E\ but it is not clear to the authors how to choose a homotopy; thus, they 
are unable to define a specialization map in the generality claimed in the statement 
of Theorem 3.2. 

Fortunately, it is still possible to define the specialization homomorphisms for 
higher K-theory in a generality that is sufficient for the rest of the paper: thus, all 
the results in sections 4, 5, 6 and 7, including the two main theorems, still hold 
unchanged. Also, section 2 which is independent of section 3 where specializations 
were defined, remains unchanged. 

In what follows we will work in the same setup as in the paper, to which we 
refer for the unexplained notation. If K is a closed subscheme of a scheme X over 
a fixed base S, we denote by MyX — > P^ the deformation to the normal bundle, 
as in |Ful93al Chapter 5], and in the paper. We denote by oo the closed subscheme 
of P^ that is the image of the section at infinity 5 — *■ P^; the inverse image of oo 
in M^X is the normal bundle NyX. 

Assume that X is a regular noetherian algebraic space with the action of a 
diagonalizable group G, Z a G-invariant regular Cartier divisor with trivial normal 
bundle, i: Z '^ X and j : X\Z (Z X the cmbcddings. The composition 

K, (Z, G) -^ K, (X, G) -^ K, (Z, G) 

is 0: if we assume that j* : K»(Ar, G) -^ K*(X \ Z, G) is surjective, then we have 
an exact sequence 

— >K,(Z,G) ^^K,(X,G) -^K^{X\Z,G) — > 0; 

hence the homomorphism i* : K»(X, G) -^ K»(Z, G) factors through K»(X \ Z, G), 
inducing a specialization ring homomorphism 

Spf: K»(X\Z,G) ^K,(Z,G). 

If we restrict to Kg, then surjectivity holds, and this is already in |SGA61 X- 
Appendice, 7.10]. 

Recall that Xs is the regular subscheme of X where the stabilizers have fixed 
dimension s, and that we have set M^ = M^ AT ^ P^. Consider the closed 
embedding N^ C M^, whose complement is X<s x A^. Looking at the composition 



X<s X A' -^ M, — > X<s X P' — > X. 



<s 



we see that the puUback K*(Ms, G) -^ K*(A<s, G) is surjective. Consider now the 
open embedding X<t C X<s (for s > t): the puUback K*(X<s,G) -^ K*(A'<t,G) 



38 



GABRIELE VEZZOSI AND ANGELO VISTOLI 



is also surjective, by K-rigidity. From the commutative diagram 

K,{Ms,G) »K,(X<„G) 



K,{Ms^<uG) > K4X<t,G) 

we conclude that the restriction K,(Ms, <t,G) -^ K»(X<t,G) is surjective, so we 
have an exact sequence 

-^ K,(N,xt, G) -^ K,(M,,<t, G) -^ K4X<t, G) ^ 0. 

This allows to define specialization maps 

Spf , "^^ Spn/I; : K,(X<,, G) -^ K, (N,,<t, G) . 



To define Sp^ ^ consider the commutative diagram with exact rows 



0- 



-^K,{Xt,G) 
I 
I 



-^K4X<t,G) 



-^K,(X<t_i),G- 



^■0 



SP5 



Spj 



0- 



-4K,(N,,t,G) >K,(N,,<t,G) >K,(N,,<,_i,G) >0 



(the commutativity of the second square follows easily from functoriality of pull- 
backs). 

Definition 7.14. The specialization homomorphism 

Sp5f,,: K4Xt,G)^K,{Ns^t,G) 

is the unique dotted arrow that fits in the diagram above. 



These coincide with the usual specialization homomorphisms for Kq. This is 

fol 



clear for the Sp^ ^ . For Sp^ ^ it follows from the fact the cartesian diagram 



-^Ms 



is Tor- independent, and from the following Lemma. 
Lemma 7.15. // 



X' 



X 



f 



f 



^Y' 



Y 



is a Tor-independent cartesian square of regular algebraic spaces with an action of 
G, where f is a closed embedding. Then the diagram 



K,(X,G) 



/. 



K,(y,G) 



f. 



K,(X',G)— ^K,(y',G) 
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commutes. 

The proof that starts at the top of page 10 is general enough. 
Now we have to check compatibihty of speciahzations. 

Lemma 7.16. Denote by i the inclusion of Xt in X<t and by i' that o/ Ns^t in 
^s,<t- Then the diagram. 



Spji 



SPx. 



K*(N,,<t,G)^-^K4N,,t,G) 



commutes. 



Proof. By the definition of Sp^ ^ , we need to check that 

K4X<t,G) -^^ K^Xt, G) -^^^ K,{X<t, G) 



SP3 



Sp5c 



SP5 



K,(N,,<t, G) -^-^ K,(N,,t, G) ^^ K,(N,,<t, G) 



commutes. By the projection formula (see jVe-Vil Proposition A. 5]) we see that 
the group homomorphisms i^i* and i'^i'* are multiplications by 

[i.Ox,] e K,((X<t,G) and [i,On,,J £ K,(N,,<t,G) 
respectively: so we have to prove that the diagram 



K,{X<uG) 
o <t 



■K,{X<t,G) 

o <t 

SPx.. 



■[J.On,,] 

K4N,,<t, G) -^ K4N,,<t, G) 

commutes. Since Sp]^ s i^ ^ '"^-'^S homomorphism, this is equivalent to saying that 
Sp|yz,OxJ = [**On.,J e Ko(N,,<t,G). 

But [i^Oxt] is the restriction of [i^Oyi.^t] ^ Ko(Ms^<t, G), so we have to show that 
the restriction of [i*C'M^_t] to ^s,<t is [i*0^^^]\ and this follows immediately from 
the fact that the square 

N.t >Ms,t 



N 



s,<t 



-4M 



s,<t 



is cartesian and Tor-independent, by Lemma 17.151 <|b 

With this definition, and the compatibility property proved above, everything 
goes through in Sections 4, 5 and 6. For the theory of Section 7 to work, we need 
to define specialization maps 

k,{x^^\g) —^K,{n^;\G) 
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when T is a diagonalizablc subgroup scheme of G and s is an integer with s > dim r 
(see the bottom of page 39). The cartesian diagram of cmbcddings 

x: , X- 



Xs >x 

yields an embedding of G-spaces Nx^X"^ ^^ N^; since r acts triviaUy on Nx^X'^ 
we get an embedding ^x^X'^ ^^ N^. 

Lemma 7.17. The embedding 'Hx^X'^ ^^ NJ is an isomorphism. 

Proof. Consider the natural embedding of deformations to the normal bundle 

M\^^X^ ^ {MsY- 

generically, that is, over A"'^, they coincide. On the other hand it follows from 
Proposition 3.6 in the paper that the inverse image of A^ in (Mg)"^ is scheme- 
theoretically dense in (Ms)"^, and this shows that this embedding is an isomorphism. 
Since the fibers over oo of yi\rX'^ and (Ms)"^ are NxjX"^ and N^ respectively, this 
concludes the proof. 4tt 

Now set t = dimr, so that X^"^^ = X^ . Then we get a specialization map 

Spi,s =' Sp^.,, : K^Xl, G) = K,(X(-), G) -^ K,((NJ),, G) - K,(n(-), G) 

that is exactly what we want. This allows to define the specialization map 

Spi,,: K,(X;,G)^K,(nM,G) 

for any pair of dual cyclic subgroups a and t, with t ^ cr, as on page 41 of the 
paper, by composing Spj^x ^ with the restriction homomorphism K*(Ns , G) -^ 
K*(Ni'^\ G). Note that X(^) = X^^, nI^^ = {^l)<t, and S^x^s can also be identified 
-^r g] therefore Sp^f ^ and Sp^f „ 



with Sp3>T „; therefore Sp^f ^ and Sp^f „ are ring homomorphisms 



Further corrections. Here we correct a few typos that we have noticed since the 
publication of the article. 

In the statement of Proposition 1.1, "scheme" should be replaced by "algebraic 
space" . 

The are several typos in the diagrams on p. 42: 

(1) n^P^s should be replaced by Sp^^\ 

(2) Sp^,, bynSpi,,, 

(3) N^'") by nI^^ and 

(4) K,{n^j\G)hyK,{n^j\G)r 

Finally, in the statement of Lemma 4.9, "linearly independent elements" should 
read "pairwise linearly independent elements" (we owe this also to Amnon Neenian) . 

Acknowledgments. We are very much in debt with Amnon Neeman who read 
our paper carefully and kindly pointed out the problem to us. 
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